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Section A.
In this section, there are 12 questions. Fill in the correct answer in the space provided at the
end of each question. Each correct answer isworth 5 points.

1. Find the remainder when 1223334444555556666667 7B8BBB8888999999999 is divided by
9.

2. Find the sum of the anglesb, c andd in the following figure.

s
d

3. How many of the numberg®, 2°, ...,1999 have odd numbers as their tens-digits?

4. The height of a building is 60 metres. At a certamment during daytime, it casts a shadow of
length 40 metres. If a vertical pole of length 2tmee is erected on the roof of the building, find
the length of the shadow of the pole at the samsemd.

5. Calculate 1999 — 1998+ 1997- 1996----+ 3 & 2

6. Among all four-digits numbers with 3 as their thands-digits, how many have exactly two
identical digits?

7. The diagram below shows an equilateral trianglsidé 1. The three circles touch each other
and the sides of the triangle. Find the radii ef tircles.

8. Leta, b andc be positive integers. The sum of 160 and the sqofa is equal the sum of 5 and
the square ab. The sum of 320 and the squaread$ equal to the sum of 5 and the squarbk. of
Finda.

9. Letx be a two-digit number. Denote by(x) the sum ok and its digits minus the product of
its digits. Find the value ofwhich gives the largest possible value f¢x) .



10.The diagram below shows a trian@BC. The perpendicular sidéd3 andAC have lengths 15
and 8 respectivelyp andF are points oAB. E andG are points o\C. The segment8D, DE,
EF andFG divide triangleABC into five triangles of equal area. The length diyame of these
segments is integral. What is that length?

A

B

11.How many squares are formed by the grid lines éndilagram below?

12.There are two committees A and B. Committee A Hadh&mbers while committee B had 6
members. Each member is paid $6000 per day fardittg the first 30 days of meetings, and
$9000 per day thereafter. Committee B met twicenasy days as Committee A, and the
expenditure on attendance were the same for thedwonittees. If the total expenditure on
attendance for these two committees was over $3WFdwW much was it?

Section B.
Answer the following 3 questions, and show your detailed solution in the space provided after
each question. Each question isworth 20 points.

1. The diagram below shows a cubical wire frameworkidé 1. An ant starts from a vertex and
crawls along the sides of the framework. If it doesrepeat any part of its path and finally
returns to the starting vertex, what is the longesstsible length of the path it has travelled?

1

1

1

[}

1

[}

1

p———t -
d

'
4
d




2. In the diagram belovBC is perpendicular t&C. D is a point orBC such thaBC =4BD. E is a
point onAC such thaAC = 8CE. If AD = 164 anBE = 52, determin@B.

B
D

3. When a patrticular six-digit number is multiplied By3, 4, 5 and 6 respectively, each of the
products is still a six-digit number with the sadigits as the original number but in a different
order. Find the original number.
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. (@) Decomposed® +7°+5'+ 3+ 1 into prime factors.
(b)  Find two distinct prime factors a2* + 3%,

. The cards in a deck are numbered %;-32n — 1. In thek-th step, < k<n, 2k — 1 cards from

the top of the deck are transferred to the bottamat a time. We want the new card on the top
to be X - 1, which is then set aside. Aftesteps, the whole deck should be set aside in
increasing order. How should the deck be stackedder for this to happen, if

(@) n=10;

(b) n=30?

. (@) Express 1 as a sum of trhe reciprocals oingdisintegers, one of which is 5.
(b) Express 1 as a sum of trhe reciprocals ofrdisintegers, one of which is 1999.
. (@) Show how to dissect a square into 1999 squeneh may

have dfferent sizes.

(b) Dissect the first two shapes in the diagramwbéto the ten or fewer pieces which can be
reassembled to form the third shape.

Figure (1)

Figure (2)

. The diagram below shows a blank 5 table. Each cell is to be filled in with one loét

numbers 1, 2, 3, 4 and 5, so there is exactly omger of each kind in each row, each column
and each of the two long diagonals. The scorecoinapleted table is the sum of the numbers
in the four shaded cells. What is the highest fssicore of a completed table?




1999 IWYMIC Answers

Individual
Part |
4

1. 6 2. 540° 3, 400 4. 3

B. 1999000 | 6. 432 7. f?’T‘l 8 13

9. 90 10. 10 11. 190 12.| 14040000
Part Il

1. 8 2. 16109 3. 142587
Team

1 (a)|43165005 % % 18 44 53¢

" [(b)]13- 61

(){11-1-5-7+~15-3+-13-19-9- 19
2. 13-1-47-33-25-3-57~45-49-55-43-5-~19~39~11~17~21~

(b) 51~29~7~41~15~31~23~27~59~35~53~37~9

(@)[2~5-8~12+20- 24

(b) |1x2 ~ 2x3 ~ 3x4 ~ 4x5 ~ --- ~ 19981999~ 1999

4. | (b) t = ﬁ

Figure A

Figure B

5. |17, for example

AR [(N|O]| W
WINIB | FP,|O
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Section A.
In this section, there are 12 questions. Fill in the correct answer in the space provided at the
end of each question. Each correct answer isworth 5 points.

1. Find the unit digit of 17%°%.

11 and L is equal tog. Find the
18 3

2. The sum of four of the six fractionslr, E, E, ,
3 6 9 12 15

product of the other two fractions.

3. Find the smallest odd three-digit multiple of 1108k hundreds digit is greater than its units
digit.

4. Find the sum of all the integers between 150 ardsbfeh that when each is divided by 10, the
remainder is 4.

5. Find the quotient when a four-thousand-digit nundmersisting of two thousand 1s followed by
two thousand 2s is divided by a two-thousand-diginbers every digit of which is 6.

6. Find two unequal prime numbgrsandq such thap+g=192 and p-q is as large as possible.

7. D is a point on the sid8C of a triangleABC such thahC=CD and OJOCAB=[ ABC+45°.
Find OBAD.

8. Leta, b, ¢, d ande be single-digit numbers. If the square of the diftaligit number
100000035814b1 is the twenty-nine-digit number 1000@0@2247482444265735361, find the
value ofa+b+c-d-e.

9. Pis a pointinside a rectangBCD. If PA=4, PB=6 andPD=9, find PC.

10.In the Celsius scale, water freezestit and boils at100° . In the Sulesic scale, water freezes
at 20° and boils at160°. Find the temperature in the Sulesic scale when 215 in the
Celsius scale.

11.The vertices of a square all lie on a circle. Twiaaent vertices of another square lie on the
same circle while the other two lie on one of i@ngeters. Find the ratio of the area of the
second square to the area of the first square.

12.Ten positive integers are written in a row. The safrany three adjacent numbers is 20. The first
number is 2 and the ninth number is 8. Find thia fitimber.



Section B.
Answer the following 3 questions, and show your detailed solution in the space provided after
each question. Each question isworth 20 points.

1. Eis a point on the sid&B andF is a point on the sidéD of a squaré&BCD such that when the
square is folded alongF, the new positiod\’ of Alies onBC. LetD’ denote the new position
of D and letG be the point of intersection @fF andA’'D’. Prove thallE+FG=A'G.

A D
F
Do
G
E
B A C

2. Twenty distinct positive integers are written or front and back of ten cards, one on each face
of every card. The sum of the two integers on &actl is the same for all ten cards, and the
sum of the ten integers on the front of the casd=qual to the sum of the ten integers on the
back of the cards. The integers on the front oé mfthe cards are 2, 5, 17, 21, 24, 31, 35, 36
and 42. Find the integer on the front of the remmgrcard.

3. Given are two three-digit numbeaisandb and a four-digit numbeg. If the sums of the digits of
the numbers+b, b+c andc+a are all equal to 3, find the largest possible stith® digits of the
numberat+b+c.
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1. Eis the midpoint of sidBC of a squar@BCD. H is the point orAE such thaBE = EH. Xis
the point onAB such thalAH = AX. Prove that ABx BX = AX?.

2. Four non-negative integers have been entered ifollogving 5x5 table. Fill in the remaining
21 spaces with positive integers so that the suail tthe numbers in each row and in each
column is the same.

82

79

103

3. For n>1, define a, =1000+n*. Find the greatest value of the greatest commeisdtiof a,
and a_,,.

4. Five teachers predict the order of finish of fivessk®A, B, C, D andE in an examination.

Guesses | First | Second | Third | Fourth | Fifth
Teacherl A B C D E
Teacher2 E A B C
Teacher3 E B C D A
Teacher4 C E D A B
Teacher§ E B C A D

After the examination, which produces no ties betwelasses, it turns out that each of two
teachers guesses correctly the ranks of two ofldeses but is wrong about the ranks of the

other three. The other three teachers are wrongtdbe rank of every class. Find the order of

finish of the classes.

5. Find all triples &, b, ¢) of positive integers such thaa<b<c and (1+1j(1+%)(1+—1j = 2.
a c
6. Each team is given 50 square cardboard pieces@edulateral triangular cardboard pieces.

Using as many of these pieces as faces, consteattat diferent convex polyhedra. Two
polyhedra with the same numbers of vertices, edgpsre faces and triangular faces are not

considered dierent.



2000 IWYMIC Answers

Individual
Part |
1
1. 1 2. —— 3, 231 4. 19950
180
5| 10997 16 | (181,11) | 7. 22 5° 8. 5
9. J101 10, 321 11. 2:5 12, 10
Part Il
2. 37 3, 10800
Team

83(82| 2 | 79|21
103 1 (82| 2 |79
2 79103 1 82| 2 3, 4001
2 |79[103 1 |82
0|2 |79{10383

(2,4,15)(2,5,9)»(2,6,7)(3,3,8
(3, 4,5)

Using all the pieces, we construct the following sEten convex polyhedr
Each is represented in two dimensions by what asvknas its Schlegel diagram.

A KA XA

4. C-D-A-E-B 5.
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Section A.

In this section, there are 10 questions. Fill in the correct answer in the space provided at the
end of each question. Each correct answer isworth 6 points.

1. Find all integersisuch that 1 + 2 + .. aris equal to a 3-digit number with identical digits

2. Inaconvex pentagohBCDE, DA =[1B = 120, EA= AB = BC = 2, andCD = DE = 4. Find
the area of the pentagéBCDE.

D

A B

3. If I place a 6 cm by 6 cm square on a trianglgn cover up to 60% of the triangle. If | place

the triangle on the square, | can cover upgtoof the square. What is the area of the triangle?

4. Find a set of four consecutive positive integechdhat the smallest is a multiple of 5, the
second is a multiple of 7, the third is a multipfe9, and the largest is a multiple of 11.

5. Between 5 and 6 o’clock, a lady looked at her wagtte mistook the hour hand for the minute
hand and vice versa. As a result, she thoughiniewas approximately 55 minutes earlier.
Exactly how many minutes earlier was the mistakeae?

6. In triangleABC, the incircle touches the sidBE, CA andAB atD, E andF respectively. If the
radius of the incircle is 4 units andBD, CE andAF are consecutive integers, find the length of
the three sides &BC.

7. Determine all primep for which there exists at least one pair of intsgeandy such that
p+1=2x> and p®+1=2y°.

8. Find all real solutions of
V3x2 —18x+52 +4/2x2 —12x +162 = /- X* + 6x + 280.

9. Simplify \/12—\/2_4+\/3_9—\/104—\/12+\/ﬂ+\/§9+\/104 into a single numerical value.

10.LetM =1010101...01 where the digit 1 appdatsnes. Find the least value k&o that
1001001001001 divided ?



Section B.
Answer the following 3 questions, and show your detailed solution in the space provided after
each question. Each question isworth 20 points.

1. Given thata andb are unequal positive real numbers, lm:%b and G =+/ab . Prove that

—b)?
the following inequality holds:G <M <A.

8(A-G)
2. Find the range gb such that the equatio?3- 3** = p has two different real positive roots.

3. The four vertices of a square lie on the perimet@ncacute scalene triangle, with one vertex on
each of two sides and the other two vertices orhting side. If the square is be as large as
possible, should the side of the triangle contgmwmo vertices of the square be the longest, the
shortest or neither? Justify your answer.
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1. Fill in the numbers 1 to 16 on the vertices of ubes, one number on each vertex with no
repetition, such that the sum of the numbers oridhievertices of each face is the same.

2. Arrange the numbers 1 to 20 in a circle such tatsum of two adjacent numbers is prime.

3. The figure in the diagrm below is a 2 x 3 rectangi#h one-quarter of the top right square cut

off and attached to the bottom left square. Cufithee along some polygonal line into two
identical pieces.

4. A 1x1 cell said to be removabile if its removal fram8x8 square leaves behind a figure which
can be tiled by 21 copies of each of the two figgtesvn in the diagram below. How many
removable cells are there in an 8 x 8 square?

- LLL]

5. The four-digit number 3025 is the square of the sfithe number formed of its first two digits

and the number formed of its last two digits, ngm@0 + 255 = 3025. Find all other four-digit
numbers with this property.



6. Pis a point inside an equilateral trianglBC such thaPA=4, PB=4+/3 andPC=8. Find the
area of triangle ABC.

A

43 8

B C

7. The fraction % has an interesting property. The numerator is@leidigit number 1 and the

denominator is a larger single-digit number 4. & add the digit 6 after the digit 1 in the
numeratom times and add the digit 6 before the digit 4 ia denominator n times also, the

166--6_1 has the same value. Determine all other fractiatisthis property,

4
except that the added digit does not have to be 6.

fraction

8. There are seven shapes formed of three or foutateral triangles connected edge-to-edge, as
shown in the 2 x 5 chart below.

§ 1| &
A1 23] 4|5
iy

6 7 8 9 10

For each of the numbered spaces in the chart, filgtiige which can be formed from copies of
the shape at the head of the row, as well as figpres of the shape at the head of the column.
The pieces may be rotated or reflected. The probie®dpace 1 has been solved in the diagram

below as an example.




2001 IWYMIC Answers

Individual
Part |
1735, 1736,
1. 36 2. 73 3 40 4. | 1737 1738
5. 5:24 6. 13,14, 15 7. 7 8. 3
0. -4 10. 15
Part |1
5 5 1 D<-2 3 One vertex on side a, one vertex on side b and two
4 verticeson sidec
Team
1. | |
@Dt | @
(a5 G 135 @
5 1,2,5,18,19,12,17,14,15,8,3,16,13,10, 3
' 9,20,11,6,7,4 '
4. 4 5. 2025, 3025, 9801
2 1 4
6. 7 .
2843 = 5 g
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Section A.
In this section, there are 12 questions. Fill in the correct answer in the space provided at the
end of each question. Each correct answer isworth 5 points.

1. On each horizontal line in the figure below, theeflarge dots indicate the populations of five
branches of City Montessori School in LuckndyB, C, D andE in the year indicated. Which
City Montessori School, Lucknow had the greatestg@age increase in population from 1992
to 2002?

 ABC DE
199 ¢ T * T T ¢ * T T T 11 Population in

0 5C 10C 150 thousands
N Y Y P N T Y S Y P N T TP S M|
200z A B C D E

_J/(a+2b) +/(a-2b)
X =
J(a+2b) - /(a-2b)

3. To find the value ofx® givenx, you need three arithmetic operations’ = xx, x* = x* [x*
and x® =x* x*. To find x", five operations will do: the first three of theare the same; then
x*®=x¥x® and x™ = x'®+ x. What is the minimum number of operations (muitiglions and
divisions) will be needed to find the value &f°?

2. If

. what is the numerical value ofox®—ax + b?

4. LetP(X) =x* + ax® + bx* + cx + d wherea, b, c andd are constants. P(1) = 10,P(2) = 20,P(3)
= 30, what is the value {10) +P(-6)?

5. The diagram below shows the street map of a cilfythree police offcers are to be positioned
at street corners so that any point on any stagebe seen by at least one offcer, what are the
letter codes of these street corners?

A B C D

c FZ\G

H | J K
6. ADEN is a squareBMDF is a square such thiatlies onAD andM lies on the extension &D.
C is the point of intersection &D andBE. If the area of triangl€DE is 6 square units, what is
the area of triangl&BC?
A N




7. If the 18-digit numbeA36 405 489 812 706 #is divisible by 99, what are all the possible
values of A, B)?

8. Ten people stand in a line. The first goes to #eklof the line and the next person sits down so
that the person who was third in the line is nawtfin line. Now the person on the first in line
goes to the back of the line and the next perssndsiwn. This process is repeated until only
one person remains. What was the original positidme of the only remaining person?

9. In triangleABC, bisectorsAA;, BB, andCC; of the interior angles are drawn. HABC =120,
what is the measure of!A B,C, =?

10.For how many different real valueslotio there exist real numbetsy andz such that
X+y y+z _ z+Xx
z X y

=k?

11.L is a point on the diagonALC of a squaréBCD such thalAL = 3LC. K is the midpoint oAB.
What is the measure 6fKLD?

12.1In triangleABC, [0A=36°, JACB=72°.D is a point orAC such thaBD bisectd]ABC. E is
a point onAB such thaCE is perpendicular t8D. How many isosceles triangles are in figure?

A

B C
Section B.
Answer the following 3 questions, and show your detailed solution in the space provided after
each question. Each question isworth 20 points.

1. There are two distinct 2-digit numbers which hawe same units digit but different tens digits.
The quotient when one of them is divided by 9 isado the remainder when the other is
divided by 9, and vice versa. What is the commaitsutigit?

2. Solve forx, y andzif
(x+y)(x+2) =15
(y+2)(y+x)=18
(z+x)(z+y)=30

3. IntriangleABC, D is the point orBC such thaAD bisects [ICAB, andM is the midpoint of
BC. E is the point on the extension BA such thaME is parallel toAD and intersectC atF.

Prove that BE = CF :%(HB +AC).
E
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. Letm, nandp be real numbers. lfa=x""0/"; b=x"P"; and c=x"""0y", what is the
numercial value of a™" " " [¢"™?

bx +1
2x+a

. Let f(x)= wherea andb are constants such tradi #2.

(@ If f(x)Df(l) =k for allx, what is the numerical value k?
X
(b) Using the result of (a), iff (x) Cf (1) =k, then find the numerical value afandb.
X

. Prove or disprove that it is possible to form aaagle using an odd number of copies of the
figure shown in the diagram below.

. Find all integersx =y, positive and negative, such th.s%<t+l -1

x y 14

. Four brothers divide 137 gold coins among themsglne two receiving the same number.
Each brother receives a number of gold coins etguah integral multiple of that received by
the next younger brother. How many gold coins dzssh brother receive? Find all solutions.

. In AABC, AB =BC. A line throughB cutsAC atD so that inradius of triangleBD is equal to
the exradius of triangl€BD oppositeB. Prove that this common radius is equal to onetqua
of the altitude fronC to AB.

. Two circles of radiia andb respectively touch each other externally. A tlurdle of radiusc
1

Vb

. Robbie the robot is locked in a solar panel andtmesout through the hatch located at the
centre of the panel, marked by . Locked in with him are other dummy robots under h
control. Each robot is mobile, but it can only re@long a row or a column directly toward
another robot, and can only stop when it bumpstimaarget robot, stopping in the empty

space in front. In each scenario, four moves dosvald, where a continuous sequence of
motions by the same robot counts as one move. Rablienoted by R.EXAMPLE

: : 1
touches these two circles as well as one of tlweiimoon tangents. Prove tha\% = Tz +
c <a

A
B S
R|C D

As an example, C-D-A-B and R-D-Ais a two-move s$iolu to the above scenario.



Scenario 1

Scenario 2

A

D
Scenario 3
A B
R|D
Scenario 5
A
D
R
Scenario 7
A

A
C *
D
Scenario 4
A B
%k
R|D
Scenario 6
A
*
R|D
Scenario 8
A
C *
R|D




2002 IWYMIC Answers

Individual
Part |
1. C 2. 0 3. 12 4. 8104
5 B,GH 0. 6 7 1 8 5
0. 90° 10. 2 11. 90° 12. 7
Part Il
1. 5 2. (1,2, 4) and (-1, -2, -4)
Team
1
(a) 2
1 1 2 1
(b) a=8 - b:Z
9 solutions: (15, 210), (16, 112),
3. Yes 4. |(18, 63), (21, 42), (28, 28), (13, -182)
(12, -84), (10, -35), (7, -14).
5. 120~12~4~10r88-44~4~10r112-16~8~10r96-32-8-1

E-D> B-A-E > C-B> R-C

E-D - D-A-C > B-E-C> R-B

E-C: B-A-D-E » C-A-D-B > R-A-C

A-B-D » C-B - D-E > R-D-C-A

C-B-E> D-C> B-A - R-B-D

E-D-B> B-A > C-B> R-C-E

D-A - A-B > C-D> R-E-A-C

0 N oo~ W|IDN|PEF

A-B » D-E-A-C > B-E-D - R-E-A-B




5" nvitational World Youth M athematics I nter-City Competition
$IETE RS ARSI R

Individual Contest Time limit: 120 minute8004/8/3, Macau

Team: Contestant No. Score:

Name:

Section I:
In this section, there are 12 questions, fill in the correct answersin the spaces
provided at the end of each question. Each correct answer isworth 5 points.

1. Let O,0, be the centers of circlgS,,C, in a plane respectively, and the circles
meet at two distinct pointé, B. Line O,A meets the circl€, at pointR , and line
O,A meets the circleC, at pointP,. Determine the maximum number of points
lying in a circle among these 6 points A, B) , O,, B and P, .

Answer:

2. Suppose thas,b,c are real numbers satisfying+b*+c”=1 anda®+b®+c*=1.
Find all possible value(s) a+b+c.

Answer:

3. In triangleABC as shown in the figure belowB=30,AC=32.D is a point orAB, E
is a point oMAC, F is a point orAD andG is a point orAE, such that triangleBCD,
CDE, DEF, EFG andAFG have the same area. Find the lengtR0f

Answer:

4. The plate number of each truck is a 7-digit numbleme of 7 digits starts with zero.
Each of the following digits: 0, 1, 2, 3, 5, 6, Mda9 can be used only once in a plate,
but 6 and 9 cannot both occur in the same platee plates are released in ascending
order (from smallest number to largest number § ao two plates have the same
numbers. So the first two numbers to the last aeeliated as follows: 1023567,
1023576, ..... , 9753210. What is the plate nurobehe 7,000" truck?

Answer:




5. Determine the number of ordered pa{rsy) of positive integers satisfying the

equationx® + y —16y = 2004.
Answer: pair(s).

6. There are plenty of 2x5 -~ 1x3 small rectangles, it is possible to form new
rectangles without overlapping any of these smaditangles. Determine all the
ordered pairs(mn) of positive integers wher€<ms<n, so that nomxn
rectangle will be formed.

Answer:

7. Fill nine integers from 1 to 9 into the cells oétfollowing 3x 3 table, one number in
each cell, so that in the following 6 squares (gg&e below) formed by the entries
labeled with * in the table, the sum of the 4 esdtrin each square are all equal.

* * * * * * *

* * * * * * * * * *

Answer:

8. A father distributes 83 diamonds to his 5 son®ating to the following rules:
() nodiamond is to be cut;
(i) no two sons are to receive the same numbdiamonds;
(i) none of the differences between the numhbmrdiamonds received by any two
sons is to be the same;
(iv) Any 3 sons receive more than half of totardonds.
Give an example how the father distribute the diaaso to his 5 sons.

Answer:




9. There are 16 points in4x 4 grid as shown in the figure. Determine the largest
integern so that for anyn points chosen from these 16 points, none 3 of tt&m
form an isosceles triangle.

Answer:

10.Given positive integers andy, both greater than 1, but not necessarily differen
The productxy is written on Albert’'s hat, and the sux# y is written on Bill’s hat.

They can not see the numbers on their own hat. Tihey take turns to make the
statement as follows:
Bill: “ I don’t know the number on my hat.”
Albert: “ I don’t know the number on my hat.”
Bill: “I don’t know the number on my hat.”
Albert: “Now, | know the number on my hat.”
Given both of them are smart guys and won't ligedaine the numbers written on
their hats.

Answer: Albert's number = , Bill's numbrer

11.Find all real number(sx satisfying the equatiof( x+1)% = x3, where {y} denotes
the fractional part ofy, for example {3.1416....}= 0.1416.....

Answer:

12. Determine the minimum value of the expression
X2 + y2 +522 -Xy—-3yz—-xz+3x—-4y+7z,
where x, y and zare real numbers.

Answer:




Section |I: Answer the following 3 questions, and show youraded
solution in the space provided after each questarite down the question
number in each paper. Each question is worth 26tgoi

1. Asequencex,X,,-,X,) of mterms is called an OE-sequence if the following t
conditions are satisfied:
a. for any positive integet<i <m-1, we haves < x.,;
b. all the odd numbered terms, x;, X, ...are odd integer, and all the even
numbered termsx,, X,, X;,... are even integer.

For instance, there are only 7 OE-sequences inhithie largest term is at most 4,
namely, (1), (3), (1,2), (1,4), (3, 4), (1, 2,a8 (1, 2, 3, 4).

How many OE-sequences are there in which the latgess are at most 20?
Explain your answer.



2. Suppose the lengths of the three sidedBC are 9, 12 and 15 respectively. Divide
each side intan (= 2) segments of equal length, with-1 division points, and let S
be the sum of the square of the distances from efcB vertices of AABC to the
n—1 division points lying on its opposite side.

If Sis an integer, find all possible positive igéen, with detailed answers.



3. Let ABC be an acute triangle withB=c, BC=a, CA=b. If D is a point on the sid8C,
E andF are the foot of perpendicular frobh to the sidesAB and AC respectively.
LinesBF andCE meet at poinP. If AP is perpendicular t8C, find the length oBD
in terms ofa, b, ¢, and prove that your answer is correct.
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1.

In right-angled triangleAABC, OA=30", BC=1, OC=90. Consider
all the equilateral triangles with all the verticas the sides of the triangle
AABC (i.e., the inscribed equilateral triangle AABC ). Determine the
maximum area among all these equilateral trianglbsstify your answer.
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2. Below are the 12 pieces of pentominoes and a gavaedb Select four
different pentominoes and place on the board sb dhahe other eight
pieces can't placed in this game board. The Pantms may be rotated
and/or reflected and must follow the grid linesdamo overlapping is
allowed.

|
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F|F T T N P|P
F ] [ NRE
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3. Locate five buildings with heights 1, 2, 3, 4, Soirevery row and every
column of the grid (figure A), once each. The nurshen the four sides in
figure A below are the number of buildings that @a@ see from that side,
looking row by row or column by column. One can seéuilding only
when all the buildings in front of it are shorté&n example is given as
shown in the figure B below, in which the numbes %eplaced by 4, under
the similar conditions.

10

1 2
12 5 11
Answer:
4 3
13
Figure A
8
3 2 1 2
3l 1]3[|4|2]2
21 3/4|2] 1|3
9 8
31 21|13 4|1
11 4| 2| 1| 3]2
1 2 3 2
8

Figure B
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4. Let |x|be the absolute value of real numberDetermine the minimum

value of the expression25'-7"-3 where m and n can be any
positive integers.



5" I nvitational World Youth Mathematics I nter-City Competition

$1EFEREAREST GiF

Team Contest ™ Migust, 2004,  Macau

Team: Score:

5. There arem elevators in a building. Each of them will stopaetty in n
floors and these floors does not necessarily todmsecutively. Not all the
elevators start from the first floor. For any twodrs, there is at least one
elevator will stop on both floors. Kn=11, n=3, determine the maximum
number of floors in this building, and list out #tle floors stop by each of
thesem elevators.
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. In a soccer tournament, every team plays with otkam once. In each
game under the old scoring system, a winning teaimsgwo points, and in
the new score system, this team gains three pwmistsad, while the losing
team still get no points as before. A draw is wartie point for both teams
without any changes. Is it possible for a team ¢othee winner of the
tournament under the new system, and yet it fisisisethe last placer under
the old system? If this is possible, at least homnynteams participate in
this tournament, and list out the results of eaaigamong those teams?
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7. Determine the smallest integesatisfying the following condition: one can
divide the following figure intan ( n=2 ) congruent regions along the grid
lines.

Answer:
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8. A polyomino is a figure formed of several unit sops joined along
complete edges. Now one can only construct reaamgih at most 10
pieces of polyominoes where overlapping or gaps rarte allowed, and
satisfying the following conditions:

a. the linear dimension of each piece, with at least equare, must be
an integral multiple of the smallest piece, undd¢ation or reflection
(if necessary);

b. each piece is not rectangular;

c. there are at least two pieces of different sizes.

The diagram on the left is a* 4 rectangle constructed with six pieces of

polyominoes while the diagram on the right is a x1@ rectangle constructed

with four pieces of polyominoes, but it does ratify the condition (a) stated
above (namely the scale is not integral multiple).

Construct 10 rectangles with no two of them areillamand follow the rules
stated above.
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Section I:

In this section, there are 12 questions, fill in the correct answersin the spaces
provided at the end of each question. Each correct answer isworth 5 points.

1. The sum of a four-digit number and its four thgs 2005. What is this four-digit
number ?

Answer:

2. In triangleABC, AB=10 andAC=18.M is the midpoint of oBC, and the line
throughM parallel to the bisector af CAB cutsAC atD. Find the length oAD.

Answer:

X+y+xy=3§
3. Letx, y andz be positive numbers such thay +z+yz=15 Find the value of
Z+ X+ zx=35.

X+Yy+2z+Xy.

Answer:

4. The total number of mushroom gathered by 11 bogs girls isn® +9n—-2,
with each gathering exactly the same number. Déterthe positive integer.

Answer:
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5. The positive integeris such that botk andx + 99 are squares of integers. Find
the total value of all such integets

Answer:

6. The lengths of all sides of a right triangle positive integers, and the length of
one of the legs is at most 20. The ratio of theusnradius to the inradius of this
triangle is 5:2. Determine the maximum value ofplee@menter of this triangle.

Answer:

7. Leta be the larger root df2004><)2 — 2003]200%- % andp be the smaller root
of x*+200% - 2004 (. Determine the value af-3.

Answer:

8.Leta be a positive number such trét+a—12 =5 » Determine the value of +%.

Answer:

9.In the figure ABCD is a rectangle withB=5 such that the semicircle & as
diameter cutED at two points. If the distance from one of themi\tis 4, find the
area ofABCD.

D QP I

Answer:
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n 2 n-1 AL ‘
10.Leta:9{n(%)j —1—(%0]—(%3 —---—[iﬁ } wheren is a positive integer. His

an integer, determine the maximum valua.of

Answer:

11. In a two-digit number, the tens digit is greditan the units digit, and the units
digit is nonzero. The product of these two digstslivisible by their sum. What is
this two-digit number?

Answer:

12. In FigurePQRSis a rectangle of area 1Ais a point orRSandB is a point on
PSsuch that the area of triandgl#B is 4. Determine the smallest possible value
of PB+AR.

Answer:
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Section |1: €
Answer the following 3 questions, and show your detailed solution in the space
provided after each question. Write down the question number in each paper.
Each question isworth 20 points.

1. Leta, b andc be real numbers such that bc=b+ca=c+ab=501. If M is the
maximum value ofa+b+c andmis the minimum value of+b+c. Determine
the value oM+2m.

2. The distance from a point inside a quadrilaterahe four vertices are 1, 2, 3 and 4.
Determine the maximum value of the area of suchaalglateral.

3. We have an open-ended table with two rows.dlhytithe numbers 1, 2, ..., 2005
are written in the first 2005 squares of the ficst. In each move, we write down
the sum of the first two numbers of the first rasvaanew number which is then
added to the end of this row, and drop the two remnsed in the addition to the
corresponding squares in the second row. We cantintil there is only one
number left in the first row, and drop it to theresponding square in the second
row. Determine the sum of all numbers in the seqomd (For example, if 1, 2, 3,
4 and 5 are written in the first row, at the end,vave 1, 2, 3, 4, 5, 3, 7, 8 and 15
in the second row. Hence its sum is 48.)
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1. The positive integeis b andc are such tha + b + ¢ = 20 =ab + bc —ca —b®.
Determine all possible values afc.

2. The sum of 49 positive integers is 624. Prow three of them are equal to one
another.

3. Thelist 2, 3,5, 6, 7, 10, ... consists of akipwe integers which are neither
squares nor cubes in increasing order. What i2@0&h number in this list?

4. ABCD is a convex quadrilateral such that the incrioleianglesBAD andBCD
are tangent to each other. Prove tN&€D has an incircle.

B

5. Find a dissection of a triangle into 20 congtugangles.

6. You are gambling with the Devil with 3 dollarsyour pocket. The Devil will play
five games with you. In each game, you give theil®vintegral number of
dollars, from O up to what you have at the time/dfi win, you get back from the
Devil double the amount of what you pay. If youdpthe Devil just keeps what
you pay. The Devil guarantees that you will onlgdance, but the Devil decides
which game you will lose, after receiving the amiogou pay. What is the highest
amount of money you can guarantee to get afteiitaegames?



7. A frog is sitting on a square adjacent to a epsguare of a 5% 5 board. It hops
from square to adjacent square, horizontally oticedty but not diagonally.
Prove that it cannot visit each square exactly once

8. Determine all integerssuch thatn'-4n’+151°- 30y + 27is a prime number.

9. A V-shaped tile consists of ax2 square with one corner square missing. Show
that no matter which square is omitted fromya7/board, the remaining part of
the board can be covered by 16 tiles.

|
V-shaped

10. Letay, a1, a,, ... , &, be positive integers arsd> a; > a,>...> a, >1 such that

oy Ly 41 ly=oa 1)
(1 a1)+(1 az)+ +(1 an) (1 ao)

Find all possible solutions foa( a, &y, ... , a,).
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Section I:

In this section, there are 12 questions, fill in the correct answersin the spaces
provided at the end of each question. Each correct answer isworth 5 points.

1. Colleen used a calculator to compuiér—b, wherea, b andc are positive integers.
C

She pressed, +, b, /, c and = in that order, and got the answer 11. When h
pressed, +,a, /,c and = in that order, she was surprised to geffereint answer
14. Then she realized that the calculator perforritesl division before the
addition. So she presseda(,+, b, ), /,c and = in that order. She finally got the
correct answer. What is it?

Answer:

2. The segmenfB has length 5. On a plane containiig, how many straight lines
are at a distance 2 froAdand at a distance 3 froB?
Answer:

3. In triangle ABC, D is a point on the extension 8fC, andF is a point on the
extension ofAB. The bisector of IACD meets the extension BA atE, and the
bisector of OFBC meets the extension &C at G, as shown in the diagram
below. If CE = BC = BG, what is the measure afABC ?

Answer:

4. The teacher said, “I have two numbarandb which satisfy a+b-ab=1. | will
tell you thata is not an integer. What can you say aldatitAlex said, “Therb is
not an integer either.” Brian said, “No, | thibkmust be some positive integer.”
Colin said, “No, I thinkb must be some negative integer.” Who was right?

Answer:
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ABCD is a parallelogram arfdis a point inside triangIBAD. If the area of
trianglePAB is 2 and the area of triangREB is 5, what is the area of triangle
PBD? A D

Answer:

B [&)
The non-zero numbess b, ¢, d, X, y andz are such thatg :% :g. What is the

f xyz(a+b)(b+c)(c+a) ,

value o p
abc(x+y)(y+2)(z+X)

Answer:

On level ground, car travels at 63 kilometres meirhGoing uphill, it slows
down to 56 kilometres per hour. Going downhilpeeds up to 72 kilometres
per hour. A trip fromA to B by this car takes 4 hours, when the return topfB
to A takes 4 hours and 40 minutes. What is the disthetvgeem andB?

Answer:

The squardBCD has side length Z andF are the respective midpoints/AB
andAD, andG is a point orCF such that &G =2 GF. Determine the area of

triangleBEG. D C
G
F
Answer:
A E B

Determinex+y wherex andy are real numbers such thé@x+1y + y* + (y — 2x)’ =% :

Answer:
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10. A shredding company has many employees number2d3] and so on along the

11.

12.

disassembly line. The foreman receives a singleglgument to be shredded.
He rips it into 5 pieces and hands them to employseber 1. When employee
receives pieces of paper, he takesf them and rips each piece into 5 pieces and
passes all the pieces to employed. What is the value & such that employee

k receives less than 2006 pieces of paper but laretsat least 2006 pieces?

Answer:

A convex polyhedrorQ is obtained from a convex polyhedrBrwith 36 edges
as follows. For each vertdxof P, use a plane to slice off a pyramid withas its
vertex. These planes do not intersect infldBetermine the number of edges of
Q.

Answer:

Let m andn be positive integers such thain-174++m+34=n. Determine the
maximum value oh.

Answer:

Section I1:
Answer the following 3 questions, and show your detailed solution in the space
provided after each question. Each question isworth 20 points.

1. There are four elevators in a building. Each makese stops, which do not have

to be on consecutive floors or include the maiorlé-or any two floors, there is
at least one elevator which stops on both of théfmat is the maximum number
of floors in this building?
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2. Four %4 rectangles are arranged as shown in the diagedowland may not be
rearranged. What is the radius of the smallestecwhich can cover all of them?

3. Partition the positive integers from 1 to 30luseve intok pairwise disjoint groups
such that the sum of two distinct elements in augrs never the square of an
integer. What is the minimum value l¢f
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1. The teacher said, “l want to fit as large a ciadepossible inside a triangle whose
side lengths are 2, 2 ang fdr some positive real numberWhat should the
value ofx be?” Alex said, “I think« should be 1.” Brian said, “I think should be

x=+/2.” Colin said, “Both of you are wrong.” Who was g
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2. A triangle can be cut into two isosceles tri@sglOne of the angles of the original
triangle is 36. Determine all possible values of the largest amjlthe original
triangle.




2006 Wenzhou Invitational World Youth
Mathematics Intercity Competition

Team Contest  2006/7/12 Wenzhou, China %=
B

Score:

Team:

3. There are five Tetris pieces, each consistinguf unit squares joined edge to
edge. Use the piece shaped like the letter L {teedne in the diagram below)
and each of the other four pieces to form a shagheam axis of reflectional

symmetry.
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4. A domino consists of two unit squares joined edgedge, each with a number on
it. Fifteen dominoes, numbered 11, 12, 13, 1429523, 24, 25, 33, 34, 35, 44,
45 and 55, are assembled into the 5 by 6 rectamgien in the diagram below.
However, the boundary of the individual dominoegehlbeen erased. Reconstruct
them.

3 5 2

1
4 3 1 5
4
3

11

[ =
|
]|
ol

= = b b 2

|

N

o I
e
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5. Alucky number is a positive integer which is 1@eis the sum of its digits (in
base ten). Determine all the lucky numbers.
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6. Alice and Betty play the following game on axn board. Starting with Alice,
they alternately put either O or 1 into any of ktenk squares. When all the
squares have been filled, Betty wins if the suralbthe numbers in each row is
even. Otherwise, Alice wins.

(&) Which player has a winning strategy wimen20067?
(b) Answer the question in (a) for an arbitraryipes integem.
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7. Prove that159¢"+100("—27¢"-32C" is divisible by 2006 for all positive odd
integern.
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8. From the list of positive integers in increasinden delete all multiples of 4 and
all numbers 1 more than a multiple of 4. Lgt, be the sum of the firstterms in

the sequence which remains. Compnl:@h [\/§21+ ..... + [\/;oosj
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9. ABC andPQR are both equilateral triangles of area 1. Theredvitof POR lies
on the perimeter dABC. Determine the minimal area of the intersectiothef
two triangles.

A
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10.For a certain positive integear, there exists a positive integesuch thatnn is
the square of an integer and-n is prime. Determine all such positive integers

in the range 1008 m<2006.
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In this section, there are 12 questions, fill in the correct answers in the spaces
provided at the end of each question. Each correct answer isworth 5 points.

1. Let A, be the average of the multiples mfbetween 1 and 101. Which is the
largest amongy,, Az, A4, As andAg?
Answer

2. Itis a dark and stormy night. Four people mustcaate from an island to the
mainland. The only link is a narrow bridge whicloals passage of two people
at a time. Moreover, the bridge must be illuminataxdd the four people have
only one lantern among them. After each passagbetonainland, if there are
still people on the island, someone must bring l&mern back. Crossing the
bridge individually, the four people take 2, 4, 8dal6 minutes respectively.
Crossing the bridge in pairs, the slower speedgésluWhat is the minimum time
for the whole evacuation?

Answetr

3. IntriangleABC, E is a point orAC andF is a point orAB. BE andCF intersect
atD. If the areas of triangldBDF, BCD andCDE are 3, 7 and 7 respectively,
what is the area of the quadrilateA&IDF?

A

B Answer

4. A regiment had 48 soldiers but only half of themd haniforms. During
inspection, they form a 6x8 rectangle, and it wast gnough to conceal in its
interior everyone without a uniform. Later, somewnsoldiers joined the
regiment, but again only half of them had uniforisring the next inspection,
they used a different rectangular formation, agast enough to conceal in its
interior everyone without a uniform. How many newldsers joined the
regiment?

Answetr




The sum of 2008 consecutive positive integers jedect square. What is the
minimum value of the largest of these integers?
Answer.

The diagram shows two identical triangular piecEpaperA andB. The side
lengths of each triangle are 3, 4 and 5. Each dgleams folded along a line
through a vertex, so that the two sides meetinghigt vertex coincide. The
regions not covered by the folded parts have reésgeareasS, and &. If
S\+S=39, find the area of the original triangular pie¢gaperA.

Answer

Find the largest positive integesuch that 41 is divisible by 2.
Answetr

A farmer use four straight fences, with respectarggths 1, 4, 7 and 8 units to
form a quadrilateral. What is the maximum areahef quadrilateral the farmer
can enclose?

Answer :

In the diagram,CE=CF=EF, EA=BF=2AB, and PA=QB=PC=QC=PD=QD=1,
DetermineBD. C




10. Each of the numbers 2, 3, 4, 5, 6, 7, 8 and 9 esl wsce to fill in one of the
boxes in the equation below to make it correctti@fthree fractions being added,
what is the value of the largest one?

1

+ + ~1

Answetr
11. Let x be a real number. Denote by fhe integer part ok and by §} the decimal
part ofx. Find the sum of all positive numbers satisfyifg2+[ x]=125.
Answetr

12. A positive integen is said to be good if there exists a perfect sgudrose sum
of digits in base 10 is equal to For instance, 13 is good becau$e4® and
4+9=13. How many good numbers are among 1, 2, 2007?

Answer

Section |1:
Answer thefollowing 3 questions, and show your detailed solution in the space
provided after each question. Each question isworth 20 points.

1. A4x4 table has 18 lines, consisting of the 4 raiws,4 columns, 5 diagonals
running from southwest to northeast, and 5 diagonaining from northwest to
southeast. A diagonal may have 2, 3 or 4 squasgscdunters are to be placed,
one in each of ten of the sixteen cells. Eachwhe&h contains an even number
of counters scores a point. What is the largestiplesscore?



2. There are ten roads linking all possible pairsiwé tities. It is known that there
Is at least one crossing of two roads, as illustrah the diagram below on the
left. There are nine roads linking each of threegito each of three towns. It is
known that there is also at least one crossingvofrbads, as illustrated in the
diagram below on the right. Of the fifteen roadkiing all possible pairs of six
cities, what is the minimum number of crossingsnaf roads?

3. A prime number is called aabsolute prime if every permutation of its
digits in base 10 is also a prime number. For exan® 3, 5, 7, 11, 13 (31),
17 (71), 37 (73) 79 (97), 113 (131, 311), 199 (HA®M,) and 337 (373, 733)
are absolute primes. Prove thatatsolute prime contains all of the digits 1,
3, 7 and 9 in base 10.
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1. Use each of the numbers 1, 2, 3, 4, 5, 6, 7, 8%@xhctly once to fill in the
nine small circles in the Olympic symbol below, that the sum of all the

numbers inside each large circle is 14. Write dtivencorrect number in each

small circle.

(Fogh
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2.

The diagram below shows fourteen pieces of paeakst on top of one
another. Beginning on the pieces marked B, moven fpeece to adjacent
piece in order to finish at the piece marked F. pa#h must alternately climb
up to a piece of paper stacked higher and come dowan piece of paper
stacked lower. The same piece may be visited nt@e once, and it is not

necessary to visit every piece. List the piecgsapier in the order visited.
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3. There are 14 points of intersection in the sevantpd star in the diagram on
the below. Label these points with the numbers, B3, 2.., 14 such that the
sum of the labels of the four points on each Igéhe same. Give one set of

solution, no explanation needed.
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4. Mary found a 3-digit number that, when multipliegl kiself, produced a
number which ended in her 3-digit number. Whahesgum of all the distinct

3-digit numbers which have this property?
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5. Determine all positive integers andn such thatr?+1 is a prime number and
10(mf+1)=n+1.
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6. Four teams take part in a week-long tournamenthichivevery team plays

every other team twice, and each team plays one gmamday. The diagram
below on the left shows the final scoreboard, panvhich has broken off
into four pieces, as shown on the diagram belowhenright. These pieces
are printed only on one side. A black circle intlksaa victory and a white

circle indicates a defeat. Which team wins thertaorent?

TIM Tu WTh F Sa o O
AlO OO0 e |@0O0
B|O

cle o] o0 0O (o [0
D|@ S @00l e e
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7. LetAbe a3 by 3 array consisting of the numbers 3, 2,., 9. Compute the
sum of the three numbers on th# row of A and the sum of the three
numbers on thgth column ofA. The number at the intersection of tké
row and thg-th column of another 3 by 3 arr®yis equal to the absolute
difference of the two sums of arrdy For Example,

b, =‘(a11+ a,+ a13) _(a12+ ata 3)‘
Is it possible to arrange the numbers in aago that the numbers 1, 2,
3, ..., 9 will also appear in arrd&3?

Ay | Ay | S b, | b, | b,
Ay; | By | g3 b, | by, | by
8 | S | g3 by, | by, | by,

A B
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8. The diagonal®\C andBD of a convex quadrilateral are perpendicular tdheac
other. Draw a line that passes through p&ihtthe midpoint ofAB and
perpendicular t&€CD; draw another line through poiNt the midpoint ofAD
and perpendicular t€B. Prove that the point of intersection of these two
lines lies on the lin&C.
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9. The positive integers from 1 to(wheren>1) are arranged in a line such that
the sum of any two adjacent numbers is a squarat Whhe minimum value

of n?



2007 Changchun Invitational World Youth
Mathematics Intercity Competition

Team Contest 2007/7/23 Changchun, China

Team: Scor e

10. Use one of the five colours (R represent red, Yasgnt yellow, B represent
blue, G represent green and W represent whiteditd pach square of an 8x8
chessboard, as shown in the diagram below. Them {e rest of the squares
so that all the squares of the same colour areezed to one another edge to

edge. What is the largest number of squares afahee colour as compare to

the other colours?

R

R
W W
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Individual
Part |
1 A 2. 6 3. 18 4. 12
5. 2133 6. 108 7. 12 8. 18
9 L 10 ! 1 2837 12 992
Part |1
1 17 3
Team
1. 861743295 2. BMJKLAMDENGHIJNF
3.
4. 1001 5. (2,7) or (4,13)
6. C 7. Not possible
RIRIRIRIR|IG|G|G
G|G|G|IG|IR|IG|Y |G
G|BIBIGIR|IG|Y |G
G|IB|GIG|IR|IG|Y |G
9' 15 10' 24’ BIBIGIRIR|G|Y|Y
BWIG|IG|G|G|W|Y
B \W[{W|W|W[W|W|Y
BIBIB|Y|Y|[Y|Y|Y
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Section A.

In this section, there are 12 questions, fill in the correct answers in the
spaces provided at the end of each question. Each correct answer is
worth 5 points.

1. Starting from the southwest corner (0,0) of a 5%%, mn ant crawls
along the lines towards the northeast corner (& %pan only go east or
north, but cannot get pass the four broken intémes at (1,1), (1,4),
(4,1) and (4,4). What is the total number of déferpaths?

0,5) (5,5)

(0, 0) (5. 0) Answer:

2. The positive integea— 2 is a divisor of 8—2a+10. What is the sum of
all possible values &f?
Answer:

3. Leta, b andc be real numbers such ttat b+ c= 11 and

1 + 1 + 1 :ig.Whatisthevalueofa + b + c ?
a+b b+c c+a 17 b+c c+a a+b

Answer:
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4. Letx be any real number. What is the maximum real vafue
J2008- x +~/x— 200(?

Answer:

5. How many ten-digit numbers are there in which ewBgjt is 2 or 3, and
no two 3s are adjacent?
Answer:

6. On a circle, there are(n > 3) numbers with a total sum of 94, such that each
number is equal to the absolute value of the diffee between the two
numbers which follow it in clockwise order. Whathg possible value of?

Answer:

7. If the thousands digit of a four-digit perfect scpias decreased by 3 and
its units digit is increased by 3, the result i®ther four-digit perfect
square. What is the original number?

Answer:

8. Each segment of the broken lideB-C-D is parallel to an edge of the
rectangle, and it bisects the area of the rectargles a point on the
perimeter of the rectangle such thaE also bisects the area of the
rectangle. I14B=30,BC=24 andCD=10, what is the length &¥E?

E D

@)

Answer:
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9. Letf(x)=ax*-c, wherea andc are real numbers satisfyingt< f (1)< -1
and-1< f (2)< 2. What is the maximum value 6(8)?

Answer:

10. Two vertical mirrors facing each other form a 3@Qke. A horizontal
light beam from sourcg parallel to the mirro¥W strikes the mirrotJV
at A, reflects to strike the mirrovwW at B, and reflects to strike the
mirror UV at C. After that, it goes back t&8 If SA=AV=1, what is the
total distance covered by the light beam?

Answer:

11. Let n be a positive integer such thatt—n+11is the product of four
prime numbers, some of which may be the same. \8hae minimum
value ofn?

Answer:

12. ABC is an equilateral triangle, a®BDE is a rectangle witlDE passing
throughC. If the circle touching all three sides AABC has radius 1,
what is the diameter of the circle passing thro&gB, D andE?

E C D

B Answer:
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Section B.

Answer the following 3 questions, and show your detailed solution in
the space provided after each question. Each question is worth 20
points.

1. In the expression [ \/2008 + \/2008 + J2008 +...+ /2008 ] , the

number 2008 appears 2008 times, axjdsfands for the greatest integer
not exceeding. What is the value of this expression?

Answer:
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2. In the triangleABC, ~ ABC=60°. O is its circumcentre anél is its
orthocentreD is a point orBC such thaBD=BH. E is a point onAB such
thatBE=BO. If BO=1, what is the area of the triand®E? (The orthocenter
is the intersection of the lines from each vertéxhe triangle making a
perpendicular with its opposite sides. The circenter is the center of the
circle passing through each vertex of the triangle.

A
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3. Lett be a positive integer such tHait= a” + 1 for some integera andb,
each greater than 1. What are all the possible=gadit?

Answer:
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1. The fractionE Is in the lowest form. Its decimal expansion hasftdrm

q
O.abababab..The digitsa andb may be equal, except that not both can be 0.
Determine the number of different valuegof

.%098 International Mathematics Competition 2008

Mathematics Compei hon (IM [: 2 [] [] 8)

Chiang Mai Thaila
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2. Cover up as few of the 64 squares in the follovBr§ table as possible so that
neither two uncovered numbers in the same rowmtra same column are the
same. Two squares sharing a common side cannobbatbvered.

RlRrlw| M| N|lW| ™|
o|l~N|lw| || | oo s~
Nw | w| ol M| o
NNV oo | N w]| N
Nl w|lr | lo|low|~N|lo |~
oo | PP | M N|~N|w
o Nl N|N O] W
Nl o |lwlwlw NPk uo

6|/4|5/7/7|3|3]|5
4,843/ 6|/7|5]|1
3|1|5|7|7|7|/6]|2
715|5/8(8|4|2]|3
4/5/6/5/8[1|7]|3
3/!3/3/6(1(8|8]|3
117|323 /6(4|8
1162|2458 7
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3. On the following 8x8 board, draw a single path goletween squares with

common sides so that
(a) itis closed and not self-intersecting;

(b) it passes through every square with a circle, thowg necessarily every square;
(c) it turns at every square with a black circle, bogslnot do so on either the
square before or the one after;

—»0

-0

X

i

X

—~e X

(d) it does not turn at any square with a white cirblg, must do so on either the
square before or the one after, or both.

=0 X o
® [o] |O
® O
olo Ole| |e
O
O
O O
® [O

International

Chiang Mai Thaila

+or Lo
® |O |O
® ©)
OO0 Ol @ |@®
©)
©)
©) ©)
® |O
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4. Consider alaxbxc boxes wher@, b andc are integers such thak a<b< c<5.
An a, x b x ¢ box fits inside are, X b, x ¢, box if and only ifa, < a,, b <b, and
c, < ¢,. Determine the largest number of the boxes unoiesideration such that
none of them fits inside another.

ANSWER:

International Mathematics Competition 2008
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5. |Initially, the numbers 0, 1 and 4 are on the blaekld. Our task is to add more

numbers on the blackboard by using the followingcpdures: In each step, we
select two numberg andb on the blackboard and add the new number
c=ab+a+b on the blackboard. What is the smallest numbetasst than 2008

which can appear on the blackboard after repedtwegsame procedure for
several times?

Bvc _ g -
P 2008 | International Mathematics Competition 2008
Mathematics Eo;’?:eli(i)fl;f? (IM[: 2[][]8)

Chiang Mai Thailand

World Youth Mathematics Intercity Competition
Team Contest  Time limit: 60 minutes 2008/10/28
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Team: Score:

6. Given a shaded triangle as below, find all possiadgs of extending one of its
sides to a new point so that the resulting triahgle two equal sides. Mark the
points of extension on the space given below.

—
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Chiang Mai, Thailand

Team: Score:

7. ABCDis a quadrilateral inscribed in a circle, wB=AD. The diagonals
intersect ak. F is a point orAC such that” BFC=~BAD. If ~BAD=2./DFC,

. BE
determine—.
DE A

MC
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8. How many five-digit numbers are there that conthedigit 3 at least once?

ANSWER:

MC
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9. Among nine identically looking coins, one of theraighsa grams, seven of
themb grams each and the last angrams, whera<b<c. We wish to determine
whetherat+c<2b, a+c=2b or a+c>2b using only an unmarked beam balance four
times.

ANSWER:

I
2008 | International Mathematics Competition 2008

International
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World Youth Mathematics Intercity Competition
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10. Determine the sum of all positive integersuch that
n(n-1) N n(n-1)(n-2) _
2 6

1+n+

2 for some positive integér

ANSWER:

20%3 International Mathematics Competition 2008

International

Mathematics Cc:mf_ant:iifli;: (IM [: 2 [] [] 8)

Chiang Mai

World Youth Mathematics Intercity Competition
Team Contest Time limit: 60 minutes 2008/10/28
Chiang Mai, Thailand

Team: Score:




ANSWER:
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Individual
Part |
1 34 2. 51 3. 92 4. 4
17
5 144 6. 141 7. 4761 8. 12
9. 122 10. 2+/3 11. 132 12. J21
Part |1
1 45 2. @ 3. 3
4
Team
1. 63
6|47 X[ 3[&]5 -
84]3]6]7[5]1 T tel dol 6
3[1]5PX[7[X]6]2 - oo
5 715 8&4]2 3 [ Oler e
) 4 6581|713 : o[|“Y[YH
3 61 8 '-g] + -
11713|2 614|8 . T~
612124507 : oo
4. 5 5. 2047
6. | 7/, 7. 2
8. 10. 36
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World Youth Mathematics Intercity Competition

Individual Contest

Instructions:

Do not turn to the first page until you are told to do so.
Remember to write down your team name, your name and ID
number in the spaces indicated on the first page.

The Individual Contest is composed of two sections with a
total of 120 points.

Section A consists of 12 questions in which blanks are to be
filled in and only ARABIC NUMERAL answers are required.
For problems involving more than one answer, points are
given only when ALL answers are correct. Each question is
worth 5 points. There is no penalty for a wrong answer.
Section B consists of 3 problems of a computational nature,
and the solutions should include detailed explanations. Each
problem is worth 20 points, and partial credit may be
awarded.

You have a total of 120 minutes to complete the competition.
No calculator, calculating device, watches or electronic
devices are allowed.

Answers must be in pencil or in blue or black ball point pen.
All materials will be collected at the end of the competition.
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Section A.

In this section, there are 12 questions. Fill in the correct answer in the space
provided at the end of each question. Each correct answer is worth 5 points.

1. If a, bandc are three consecutive odd numbers in increasingy oiidd the value
of a®-2b*+c’

Answer :

+

2. When the positive integeris put into a machine, the positive inte gn+1)
Is produced. If we put 5 into this machine, andtpat the produced number into
the machine, what number will be produced?

Answer :
3. Children A, B andC collect mangos. A andB together collect 6 mangos less
thanC.
B andC together collect 16 mangos more ti#an
C andA together collect 8 mangos more tlarWhat is the product of the
number of mangos tha&t B andC collect individually?

Answer :

4. The diagram shows a semicircle with cerixeA beam of light leaves the point
M in a direction perpendicular to the diamd®ar bounces off the semicircle Gt
in such a way thangle MCO = angle OCB and then bounces off the semicircle

atB in a similar way, hittingA. Determineangle COM, in degrees.
B

Answer :



10.

11.

12.

Nineteen children, aged 1 to 19 respectively, tarding in a circle. The
difference between the ages of each pair of adjadelren is recorded. What is
the maximum value of the sum of these 19 posititegers?

Answer :
Simplify as a fraction in lowest terms

(2*+ 22+ 14+ £+ 1)(6+ 6+ DB+ 8+ 1O 1H
@' +F+1GE+ 5+ )7+ 7+ DG+ 6+ DA 1A

Answer :

Given a quadrilateradABCD not inscribed in a circle withk, F, G andH the
circumcentres of triangledBD, ADC, BCD andABC respectively. Il is the
intersection oEG andFH, andAl = 4 andBI = 3. FindClI.

Answer :

To pass a certain test, 65 out of 100 is needesl clHss average is 66. The
average score of the students who pass the tés} &nd the average score of
the students who fail the test is 56. It is decitteddd 5 to every score, so that a
few more students pass the test. Now the average e€the students who pass
the test is 75, and the average score of the disiddmo fail the test is 59. How
many students are in this class, given that thebeurof students is between 15
and 307?

Answer :
How many right angled triangles are there, alldiges of which are integers,
having2009*as one of its shorter sides?
Note that a triangle with sidesb, c is the same as a triangle with sittes, c;
wherec is the hypotenuse.

Answer :

Find the smallest six-digit number such that tha s its digits is divisible by
26, and the sum of the digits of the next positiuenber is also divisible by 26.

Answer :

On a circle, there are 2009 blue points and 1 oa&dtpJordan counts the number
of convex polygons that can be drawn by joiningydslle vertices. Kiril counts
the number of convex polygons which include thepeitht among its vertices.
What is the difference between Jordan’s numberkanis number?

Answer :

Musa sold drinks at a sports match. He sold bottlespring water at R4 each,
and bottles of cold drink at R7 each. He startati witotal of 350 bottles. Not all
were sold and his total income was R2009. Whatth@sninimum number of
bottles of cold drink that Musa could have sold?

Answer :



Section B.
Answer the following 3 questions, and show your detailed solution in the
space provided after each question. Each question is worth 20 points.

1. In a chess tournament, each of the 10 players plagis other player exactly
once. After some games have been played, it isewthat among any three
players, there are at least two of them who havgetoplayed each other. What
is the maximum number of games played so far?

2. Pis a point inside trianglaBC such thaangle PBC = 30°,angle PBA = 8° and
angle PAB = angle PAC = 22°. Findangle APC, in degrees.

A



3. Find the smallest positive integer which canelxpressed as the sum of four
positive squares, not necessarily different, amiblds 2" +15 for some positive
integern.
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Instructions:

® Do not turn to the first page until you are told to do so.

® Remember to write down your team name in the space
indicated on the first page.

® There are 10 problems in the Team Contest, arranged in
increasing order of difficulty. Each question is printed on a
separate sheet of paper. The four team members are allowed
10 minutes to discuss and distribute the first 8 problems
among themselves. Each student must solve at least one
problem by themselves. Each will then have 35 minutes to
write the solutions of their allotted problem independently with
no further discussion or exchange of problems. The four team
members are allowed 15 minutes to solve the last 2 problems
together. Each problem is worth 40 points and complete
solutions of problem 1, 2, 6, 7, 8, 9 and 10 are required for full
credits. Partial credits may be awarded.

® No calculator or calculating device or electronic devices are
allowed.

® Answer in pencil or in blue or black ball point pen.

® Problems that required numerical answer must be filled in by
Arabic numeral only.

® All materials will be collected at the end of the competition.
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1. The cards 1 to 15 are arranged in a deck, notnmenigal order. The top card is
placed on the table and the next card is transféaréhe bottom of the deck.
Now the new top card is placed on top of the carthe table and the next card
is transferred to the bottom of the remaining d@gks process is repeated until
all 15 cards are on the table. If the cards ortdhk are now in their natural
order, 1 to 15, from top to bottom, what was thartio card from the bottom in
the original deck?

ANSWER:
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2. Find the smallest positive integer with at least éactor ending in each of the
digits 0 to 9 i.e. at least one factor ends int@east one factor endsin 1, ..., at
least one factor ends in 9.

ANSWER:
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3. Place the digits 1 to 6 in each of the rows androok as well as the two
diagonals such that no digit is repeated in a omlymn or diagonal.

2 1
4
2
6
5 1
3
2 1
4
2
6
5 1
3
ANSWER:
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4. We have indicated the positions of three parkimgsai(indicated by the lettB)
and seven squares (the shaded areas) on the rtrap sxihall town centre. Some
of the streets only allow one-way traffic. Thislgown by arrows which indicate
the direction of traffic up to the first side stre€an you find a route that begins
at one of the parking areas, passes through afighares and ends at another
parking area? Make sure that you do not visit angtpincluding intersection
areas, on your route more than once.

[

-+

9]
] |

>

_ |
ANSWER:
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5. In the diagram below, draw a continuous path tlegirs and ends at the same
place and runs through every square exactly ontteouti crossing itself, so that
between two consecutive circles on the path, is¢harcles are the same colour,
then they must be joined by one straight line segraed if they are different
colours, then they must be joined by two straigig segments which form a right
angle. (You may only move horizontally or vertigall

O O
® ®
® e 0 ®
0 ® ®
® O
O O O
® ® 0
O O O

O O
[ ) o
® O e O @
Oe® (]
[ ) O
O O O
[ ) (AN |
ANSWER: of o] 1©
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6. Let a = for all positive integers.

22n+1_ 2n+1_ 21 + 1

Prove thata, +a, +--- +a,,,,<1.
Proof
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7. Findall the possible ways ofsplitting the positive integers into cold numbers
and hot numbers such that the sum of a hot nunmzka @old number is hot and
their product is cold.

ANSWER:
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8. The diagram below shows how a regular octagon reagubinto a 1 square

and four congruent pentagons which may be reassembiform a square.
Determine the perimeter of one of those pentagons.

ANSWER:
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9. A game of cards involves 4 players. In a contést total number of games
played is equal to the total number of playersredtén the contest. Every two

players are together in at least one game. Detertheamaximum number of
players that can enter the contest.

ANSWER:
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10. Which of the numbers 2008, 2009 and 2010 may beesgpd in the form

x* +y° + z° - 3xyz, wherex, y andz are positive integers?

ANSWER:




2009 IWYMIC Answers

Individual
Part |
1 8 2. 120 3. 60 4, 36°
3
5. 180 6. — 7 4 8. 24
133
0. 612 10. 898999 11. 2017036 12. 207
Part Il
1. 25 2. 142° 3. 13
Team
1. 5 2. 270
2163|145 = L|49*
5/1/6(3[2]4 i
112|46|5]|3 ﬁ
3. 413[1|5[6]|2 4
6|4(5(2]3][1 T b
3|5(2(4|1|6 =" 5]
—-() [
® e
e e
5 O et—re 2 |Letm be the smallestold numbe
' . " |Then all the multiply ofm are cold.
QLY ®
Le L....'
o s Higem
8. 2++2+ 2/2 Q. 13
10. 2008, 2009
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Section A.

In this section, there are 12 questions. Fill in the correct answer in the space
provided at the end of each question. Each correct answer is worth 5 points.

1. Real numbers p, g, r satisfy the equations p+q+r=26 and £+l+l:31_ Find the
P g r
valieof P 4, F, P, . 9
qa r p r q p
Answer :

2. Ata charity dinner, each person consumed half a plate of rice, a third of a plate
of vegetables and a quarter of a plate of meat. Overall, 65 plates of food were
served. What is the number of people at the charity dinner ?

Answer :

3. How many triples (x, y, z) of positive integers satisfy xyz =3*" and
XSYy<z<X+y?

Answer :

4. Eisapoint on the side BC of a rectangle ABCD such that if a fold is made along
AE, as shown in the diagram below, the vertex B coincides with a point F on the
side CD. If AD = 16 cm and BE = 10 cm, what is the length of AE, in cm ?

D e
E
A B Answer : cm

5. What is the smallest four-digit number which has exactly 14 positive divisors
(including 1 and itself), such that the units digit of one of its prime divisors is 3?

Answer :



10.

11.

12.

Let f(x) be a fourth-degree polynomial. f(t) stands for the value of this
polynomial while x=t. If f())=f(2)=f(3)=0, f(4)=6, f(5)=72,what’s
the last digit of the value of f(2010)?

Answer :
A square ABCD circumscribed a circle and two semicircles each with radius 1
cm. As shown in the diagram, the circle and two semicircles touch each other,
and two sides of the square touch the circle also. Find, in cm?, the area of the
square ABCD. C

N

A B
Answer : cm?

Let p and g be prime numbers such that p®+g° +1= p*q®. What is the
maximum value of p+q?

Answer :
The sum of n positive integers, not necessarily distinct, is 100. The sum of any 7
of them is less than 15. What is the minimum value of n?

Answer :

P is a point inside triangle ABC such that ZABP =20°, ZPBC =10°,
ZACP =20° and ZPCB =30°. Determine ZCAP, in degree.
Answer :

A farmer has 100 pigs and 100 chickens. He has four yards each having square
shape and forming together 2 x 2 grid. Farmer wants to distribute his animals
into the yards in such way that first row has 120 heads, second row has 300 legs
and first column has 100 heads, second column has 320 legs. How many
different ways of doing this?

o

Answer : ways
An animal shelter consists of five cages in a row, labelled from left to right as
shown in the diagram below. There is one animal in each cage.
Red Silver Brown White Gray
Wolf Lion Fox Cow Horse
The five animals are indeed a wolf, a lion, a fox, a cow and a horse, and their
colours are indeed red, silver, brown, white and gray. However, none of the
labels matches any of the animals (For instance, the wolf is not red). Moreover,
no animal is in or next to a cage whose label either matches its type or its colour.
If the horse is not in the middle cage, what is the colour of the horse?

(Note : Write R for red, S for silver, B for Brown, W for white and G for Gray.)
Answer :




Section B.
Answer the following 3 questions, and show your detailed solution in the
space provided after each question. Each question is worth 20 points.

1. Point A and B lie on the sides of a square, segment AB divides the square into two
polygons each of which has an inscribed circle. One of the circles has radius 6 cm
while the other one is larger. What is the difference, in cm, between the side length
of the square and twice the length of segment AB ?

2. Asmall bag of candy contains 6 pieces. A medium bag of candy contains 9 pieces.
A large bag of candy contains 20 pieces. If we buy candy in bags only, what is the
largest number of pieces of candies which we cannot obtain exactly?

3. Thereis alist of numbers a,, a,, ..., a,,. For 1<n<2010, where n is positive
integer, let S =a, +a,+---+a_.If a =2010 and S _=n’a_ forall n, whatis
the value of a,;,,?
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1. Solve the following system of equations for real numbers w, x, y and z:
[ W+8x+3y+52=20

AW+ 7X+2y+32=-20
6wW+3x+8y+72=20
|TW+2Xx+ 7y +3z=-20.

ANSWER: w= X= y= Z=
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2. In the convex quadrilateral ABCD, AB is the shortest side and CD is the longest.
Prove that LA>ZCand £B>4D.

ANSWER:
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3. Let m>n be integers such that m®+n*®+1=4mn. Determine the maximum
value of m—n.

ANSWER:
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4. Arranged in an 8x8 array are 64 dots. The distance between adjacent dots on the
same row or column is 1 cm. Determine the number of rectangles of area 12 cm?
having all four vertices among these 64 dots.

ANSWER:
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5. Determine the largest positive integer n such that there exists a unique positive
n 7

<—.
n+k 13

integer k satisfying % <

ANSWER:
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6. Ina9x9 table, every square contains a number. In each row and each column at
most four different numbers appear. Determine the maximum number of
different numbers that can appear in this table.

ANSWER:
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7. Inaconvex quadrilateral ABCD, ZABD =16°, #DBC =48°, /BCA=58° and
Z/ACD =30°. Determine ZADB, in degree.

ANSWER:
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8. Determine all ordered triples (X, y, z) of positive rational numbers such that each

1 1 1 . :
of x+—, y+— and z+— isan integer.
y z X

ANSWER:
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9. Assign each of the numbers 1, 2, 3,4,5,6,7,8,9, 10, 11, 12, 13, 14 and 15 into

one of the fifteen different circles in the diagram shown below on the left, so that

(@) the number which appear in each circle in the diagram below on the right
represents the sum of the numbers which will be in that particular circle and
all circles touching it in the diagram below on the left;

(b) except the number in the first row, the sum of the numbers which will be in
the circles in each row in the diagram below on the left is located at the
rightmost column in the diagram below on the right.

ANSWER:
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10. The letters K, O, R, E, A, I, M and C are written in eight rows, with 1 K in the
first row, 2 Os in the second row, and so on, up to 8 Cs in the last row. Starting
with the lone K at the top, try to spell the “words” KOREA IMC by moving from
row to row, going to the letter directly below or either of its neighbours, as
illustrated by the path in boldface. It turns out that one of these 36 letters may not
be used. As a result, the total number of ways of spelling KOREA IMC drops to
516. Circle the letter which may not be used.

b, o
R ™R R
E E. E E
A A AL A A
T T T R T
M M M M M M M
c ¢ ¢ ™ ¢ ¢ ¢ c
K
o 0
R R R
E E E E
A A A A A
| | | | | |
M M M M M M M
ANSWER: c ¢c ¢ ¢ ¢ ¢ ¢ ¢
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1. 803 2. 60 3. 336 4. 10J5
5. 1458 6. 2 7. |13+J2+/3+/6| 8. 5
Q. 50 10, 20° 11. 341 12, W
Part Il
2
1. 12 2. 43 3. —
2011
Team
1 W:—8\X:—1—2‘y:152‘Z:8 3 1
4. 84 5. 112
28,
112|3]J0|0|0J0O|0O]|O 1 (10|19 28|28|28]28|28(28
415(6|0|0[{0]J0|0[0] 28| 2|11)20|28(28]28|28(28
7(819]0{0({0]J0|0|0]128/28|3]12/21|28|28/28(28
6 0|0({0]10/11{12J 0| 0| 0| 128|28|28] 4 |13|22|28|28|28 7 300
' 0| 0({0|13]14{15] 0| 0| 0| |128|28|28]28| 5 |14]23|28|28 )
0(0|0]16{17{18] 0| 0| 0] 128/28|28]28|28| 6 |15|24(28
0[0|0]0|0|0]19/20|21) 128|28|28]28|28(28| 7 |16|25
0|0({0]|0|0|0]2223]24] |26|28|28]28|28(28|28| 8 17|
0|0({0|0|0|0]25/26(27] |18|27|28]28|28|28]28|28| 9

(1,1, 1), (% 2.1, (2, 1,%),

1 3 1 1 3
(11 E, 2)1 (E’ 3’ §)’ (31 5’ E
1 3 1 2, ,1 2
(5’ 5’3)’(315’ g)’(al 513)

),

2 1
and &, 3, =).
(3 2)

10. The letter which may not be used is the third Ahia fifth row from top
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Section A.

In this section, there are 12 questions. Fill in the correct answer in the space
provided at the end of each question. Each correct answer is worth 5 points.

1. Leta, b, and c be positive integers such that
{ab+bc+ca+2(a+b+c) = 8045,

abc-a-b-c=-2.
Find the value of a+b+c.
Answer :

2. There are two kinds of students in a certain class, those who always lie and those
who never lie. Each student knows what kind each of the other students is. In a
meeting today, each student tells what kind each of the other students is. The
answer “liar” is given 240 times. Yesterday a similar meeting took place, but one
of the students did not attend. The answer “liar” was given 216 times then. How
many students are present today?

Answer :

3. The product 1!x2! x.,.x2011! x2012! is written on the blackboard. Which factor,
in term of a factorial of an integer, should be erased so that the product of the
remaining factors is the square of an integer? (The factorial sign n! stands for the
product of all positive integers less than or equal to n.)

Answer :

4. B and E are points on the sides AD and AC of triangles C
ACD such that BC and DE intersect at F. Triangles
ABC and AED are congruent. Moreover, AB=AE=1 and
AC=AD=3. Determine the ratio between the areas of the E
guadrilateral ABFE and the triangle ADC. ah D

Answer :
5. Apositive integer n has exactly 4 positive divisors, including 1 and n.

Furthermore, n+1 is four times the sum of the other two divisors. Find n.
Answer :



10.

11.

12.

Jo tells Kate that the product of three positive integers is 36. Jo also tells her
what the sum of the three numbers is, but Kate still does not know what the
three numbers are. What is the sum of the three numbers?

Answer :
Two circles A and B, both with radius 1, touch each
other externally. Four circles P, Q, R and S, all with the
same radius r, are such that P touches A, B, Q and S
externally; Q touches P, B and R externally; R touches hvd
A, B, Q and S externally; and S touches P, A and R A\
externally. Calculate r.

Answer :
Find the smallest positive common multiple of 7 and 8 such that each digit is
either 7 or 8, there is at least one 7 and there is at least one 8.

Answer :
The side lengths of a triangle are 50 cm, 120 cm and 130 cm. Find the area of
the region consisting of all the points, inside and outside the triangle, whose
distances from at least one point on the sides of the triangle are 2 cm. Take
22

-

T

Answer :
Find the number of positive integers which satisfy the following conditions:
(1) It contains 8 digits each of which is O or 1.
(2) The first digit is 1.
(3) The sum of the digits on the even places equals the sum of the digits on
the odd places.
Answer :
A checker is placed on a square of an infinite checkerboard, where each square
Is 1 cm by 1 cm. It moves according to the following rules:
® In the first move, the checker moves 1 square North.
® All odd numbered moves are North or South and all even numbered moves
are East or West.
® In the n-th move, the checker makes a move of n squares in the same
direction.
The checker makes 12 moves so that the distance between the centres of its
initial and final squares is as small as possible. What is this minimum distance?
Answer : cm

Let a, b and c be three real numbers such that
a(b—c) b(c-a)
b(c-a) c(b-a)

for some constant k. Find the greatest integer less than or equal to k.
Answer :

=k>0



Section B.
Answer the following 3 questions, and show your detailed solution in the
space provided after each question. Each question is worth 20 points.

1. The diagonals AC and BD of a quadrilateral ABCD intersect at a point E. If
AE=CE and ~ABC=_~ADC, does ABCD have to be a parallelogram?



2. When a=1, 2, 3, ..., 2010, 2011, the roots of the equationx®* —2x—-a’—a=0 are

(a1, B): (@3, ,), (3, B3)s 2 (Capngs Paono)s (@aons Pooas)  TESPECiVELY.

1 1 1 1 1 1 1 1 1 1
Evaluate —+ —+ —4+ —+4+ —+—+... 4 +

+ + .
a B oa, B, a S Uyoe Powo  %onn Poons




3. Consider 15 rays that originate from one point. What is the maximum number of
obtuse angles they can form? (The angle between any two rays is taken to be less
than or equal to 180°)
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1. Find all real solutions of the equation x> —x+1= (x> + X +1)(X* + 2x+4).

ANSWER:
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2. Adomino is a 1x2 or 2x1 piece. Seventeen dominoes are placed on a 5x8 board,
leaving six vacant squares. Three of these squares are marked in the diagram
below with white circles. The two squares marked with black circles are not
vacant. The other three vacant squares are in the same vertical column. Which
column contains them?

1 2 3 5 6 7 8

4
o
O

(For rough work)

ANSWER: Column
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3. Placeeachof 1,2, 3,4,5,6,7,9, 10, 11, 12, 13 and 14 into a different vacant box
in the diagram below, so that the arrows of the box containing 0 point to the box
containing 1. For instance, 1 is in box A, B or C. Similarly, the arrows of the box
containing 1 point to the box containing 2, and so on.

0 8

\ 4 Yy v A 2 4 A 4

A

A A

»
L

A 4

&
<
>
<«

Y

A

Yy v
A 4

\ 4

A\ 2 4

\ 4

ANSWER:
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4. The diagram below shows a 5x8 board with two of its squares marked with black
circles, and the border of two 3x4 subboards which contain both marked squares.

How many subboards (not necessarily 3x4) are there which contain at least one of
the two marked squares?

ANSWER:
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5. Three avenues, of respective widths 15 m, 14 m and 13 m, converge on Red
Triangle in the outskirt of Moscow. Traffic is regulated by three swinging gates
hinged at the junction points of the three avenues. As shown in the diagram below,
the gates at A and B close off one avenue while the gate at C is pushed aside to
allow traffic between the other two avenues through the Red Triangle. Calculate
the lengths of the three gates if each pair closes off one avenue exactly.

A

15m
13 m

B 14 m C

ANSWER: GateatA=___ m, atB= m, at C= m
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6. Let f(x) beapolynomial of degree 2010 such that f (k)= —E where K is any
of the first 2011 positive integers. Determine the value of f (2012).

ANSWER:
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7. A cat catches 81 mice, arrange them in a circle and numbers them from 1 to 81 in
clockwise order. The cat counts them “One, Two, Three!”” in clockwise order. On
the count of three, the cat eats that poor mouse and counts “One, Two, Three!”
starting with the next mouse. As the cat continues, the circle gets smaller, until
only two mice are left. If the one with the higher number is 40, what is the number
of the mouse from which the cat starts counting?

ANSWER:
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8. Intriangle ABC, BC=AC and ~BCA=90°. D and E are points on AC and AB
respectively such that AD = AE and 2CD = BE. Let P be the point of intersection
of BD with the bisector of .~ CAB. Determine .~ PCB.

ANSWER:
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9. Paint 21 of the 49 squares of a 7x7 board so that no four painted squares form the
four corners of any subboard.

(For rough work)

ANSWER:
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10. Arie, Bert and Caroline are given the positive integers a, b and c respectively.

Each knows only his or her own number. They are told that 1 + % - 1 =1, and are
a C

asked the following two questions:

(a) Do you know the value of a+b+c ?

(b) Do you know the values of a, b and c?

Arie answers “No” to both questions. Upon hearing that, Bert answers “Yes” to
the first question and “No” to the second. Caroline has heard everything so far.
How does she answer these two questions?

ANSWER: (a) (b)
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1006
Team
1 -1
1 2 3 456 78 0l[51[s1[2
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1
6. - 7. 7
503
8. 45° 9.
10. “Yes” to both questions
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Section A.
In this section, there are 12 questions. Fill in the correct answer in the space
provided at the end of each question. Each correct answer is worth 5 points.

1. Determine the maximum value of the difference af positive integers whose
sum is 2034 and whose product is a multiple of 2034
Answer :

2. The diagram below shows a semicircle sitting onaba square and tangent to
two sides of an equilateral triangle whose baseoxdés with that of the square.
If the length of each side of the equilateral tgi@gns 12 cm, what is the radius

of the semicircle, in cm?

Answer : cm

3. Afour-digit number abcd is a multiple of 11, withb + ¢ = a and the two-digit
number bc a square number. Find the numbetscd .
Answer :

4. The area of the equilateral triangiBC is 8+ 4/3cn?. M is the midpoint oBC.
The bisector of ~ MAB intersect8M at a pointN. What is the area of triangle
ABN, in cnf?

Answer : cnd

5. Thereis a 2x6 hole on a wall. It is to be filledusing 1x1 tiles which may be
red, white or blue. No two tiles of the same coloay share a common side.
Determine the number of all possible ways of fgliine hole.

Answer :

6. LetN=1’x2°x3x £x Bx 6'x Px &x ¢ How many perfect squares divide
N ?
Answer :

7. How many positive integers not greater than 20122fxEe only the digits 0, 1
or 27?
Answer :



10.

11.

12.

The diagram below shows four poi#sB, C andD on a circleE is a point on
the extension oBA andAD is the bisector of < CAE. F is the point orAC such

thatDF is perpendicular té&C. If BA = AF = 2 cm, determine the length AC,
in cm.

Answer : cm

There are 256 different four-digit numbeabcd where each od, b, c andd is
1, 2, 3 or 4. For how many of these numbers adl- bc be even?

Answer :

In a plane, given 24 evenly spaced points on de¢ihow many equilateral
triangles have at least two vertices among thengnants?
Answer :

The diagram below shows a circular se€@#&B which is one-sixth of a circle,
and a circle which is tangent @A, OB and the ar@B. What fraction of the
area of the circular sect@AB is the area of this circle?

A

Answer :

An 8 x 8 chessboard is hung up on the wall asgetaand three identical darts
are thrown in its direction. In how many differevays can each dart hit the
center of a different square such that any twde$é¢ three squares share at least
one common vertex?

Answer :



Section B.
Answer the following 3 questions, and show your detailed solution in the
space provided after each question. Each question is worth 20 points.

1. What is the integral part o, if

\/2012><\/2013<\/ 2014\/~--\/ (20f2- 3)\/ (2012 >2§/ (202 X]j 2012

M

Answer :

2. Letmandn be positive integers such that
n><8m<n?+60(/n+1-/n )

Determine the maximum possible valuenof

Answer :



3. Let ABC be a triangle withDJA=90° and OB =20°. LetE andF be points on
AC andAB respectively such thatlABE =10° and OJACF =30°. Determine
OCFE.

A

Answer :
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1. A positive real number is given. In each move, &e do one of the following:
add 3 to it, subtract 3 from it, multiply it by 8édivide it by 3. Determine all
the numbers such that after exactly three movesptiginal number comes back.

Answer
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2. The average age of eight people is 15. The ageabf is a prime number. There
are more 19 year old among them than any otherftey are lined up in order
of age, the average age of the two in the middteeftine is 11. What is the
maximum age of the oldest person among the eight?

Answer
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3. Inthe diagram below, the numbers 1, 2, 3, 4, %, 8,and 9 are placed one
inside each hexagon, so that the sum of the nuni&de the four hexagons on
each of the three sides of the triangle is 19olf gre allowed to rearrange the
numbers but still have the same sum on each siulat, iwthe smallest possible
sum and what is the largest possible sum?

The smallest possible sum is

Answer:
The largest possible sum is
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4. There are 2012 evenly spaced points on a line. Eaohbe painted orange or
green. If three distinct poins B andC are such thatdB = BC, and ifA andC
are painted by the same color, s8iPetermine the number of all possible ways
of painting these points.

Answer
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5. Consider the four-digit number 2012. We can divtdeto two numbers in three
ways, namely, 2|012, 20|12 and 201]|2. If we myltipé two numbers in each
pair and add the three products, we get 2x012+2e2APx2=666. Find all other
four-digit numbers which yield the answer 666 hig fhrocess.

Answer
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6. Letnbe a positive integer such that2as 8 positive factors and Bas 12
positive factors. Determine all possible numberpasitive factors of 12

Answe!:
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7. Use straight and circular cuts to dissect a cirtle congruent pieces. There must
be at least one piece which does not contain thgecef the circle in its interior
or on its perimeter.

Answer
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8. A machine consists of three boxes each with aigid that is initially off. After
putting objects into the boxes, the machine maydsl to run a check. For each
box, if the total weight in that box is strictlyskethan the total weight in each of
the other two boxes, the red light of that box wdl on. Otherwise, the red light
will go off. Use this machine twice to find a fakell among seven balls which is
heavier than the other six. The other six are abégeight.

Answer
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9. The diagram below shows all five pieces which caridomed of four unit
squares. They are called the |-, L-, N-, O- andetrdminoes.

(a) Use three different pieces to construct a é@guith reflectional symmetry.
Pieces can be rotated and reflected when used fiFedolutions.
(b) Use three different pieces to construct a gguith rotational symmetry.
Pieces can be rotated and reflected when used oRmdolution.
(A figure consists of 12 connective unit squaresgd edge to edge. Two figures are
considered the same if one can be transformedhetother by rotation or
reflection.)

______________________________________________________________________________________________________________________
_______________________________________________________________________________________________________________________
-----------------------------------------------------------------------------------------------------------------------
———————————————————————————————————————————————————————————————————————————————————————————————————————————————————————
——————————————————————————————————————————————————————————————————————————————————————————————————————————————————————
---------------------------------------------------------------------------------------------------------------------

_________________________________________________________________________________________________________________
_______________________________________________________________________________________________________________________
_______________________________________________________________________________________________________________________

Answer
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10. The digits in base 10 have been replaced in soder by the letterd, B, C, D,
E, F, G, H, | andJ. We have three clues.

(1) The two-digit numbeAB is the product oA, A andC.

(2) The two-digit numbebE is the product o€ andF.

(3) The two-digit numbeBG is the sum oH, | and the product df andG.
HereA, B, andD are nonzero. Which digits may be represented &yetterd ?

Answer
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Section A. (5 points each)

Correct Answers:

L 678 5 3;_§ 3. 7161,9361,9812 | 4. 4 cm?
5. 1458 6. 672 7. 4757 8. 6cm
9. 160 10.536 1. 12. 196

1. Determine the maximum value of the difference a positive integers whose
sum is 2034 and whose product is a multiple of 2034
[ Solution])

Let the two numbers beandy. Fromy = 2034 —x, we havexy = 2034x — x°. If this
is divisible by 2034, ther? is divisible by 2034. Now 2034 = 2x32x113. Hence
2x3x113 = 678 must divide so that 678< x< 203« It follows that the only
possible values forare 678 and 2 x 678 = 1356. The corresponding sdbreg are
1356 and 678 respectively. Hence y = 678 and its maximum value ¢35 8.

ANS : 678

2. The diagram below shows a semicircle sitting onaba square and tangent to
two sides of an equilateral triangle whose basecides with that of the square.
If the length of each side of the equilateral tgigns 12 cm, what is the radius
of the semicircle, in cm?

[ Solution]

Let the triangle b&BC and letO be the centre of the

semicircle. Let be the radius of the semicircle. With the

sides of the triangle as bases, the heights ofgiesOAB,

OAC andOBC arer, r and 2 respectively. Their total area is

equal to the area of trianghBC. Since the height of triangle

ABCis 12 x? we havedr = 64/3 andr = E"TE



3. Afour-digit number abcd is a multiple of 11, withp + ¢ = a and the two-digit
number bc a square number. Find the numbaiscd .
[ Solution]
Since the two-digit numbebc is a square number, arts+ ¢ = a < 10, we have
bc = 16,25,36,81. Since abcd is a multiple of 11, by trying possible digit we
have abcd = 7161,9361,9812
ANS : 7161, 9361, 9812

4. The area of the equilateral trian@{BC is
8+ 4/3cnt. M is the midpoint oBC. The bisector

of ZMAB intersect88M at a pointN. What is the
area of trianglBN, in cnf?

A

[ Solution])
We have M _ AM =\/§. Hence BM _ 2+43 and
BN AB 2 BN 2 C
BC
=2++/3. Denote the area of the triangdidy [T].
Then PABCL ZBC _s 13 1t follows that [ABN] =LABCl 843 o
[ABN] BN 2+J3 2+43
ANS : 4 cm®

5. Thereis a 2x6 hole on a wall. It is to be filledusing 1x1 tiles which may be
red, white or blue. No two tiles of the same colmay share a common side.
Determine the number of all possible ways of fgliine hole.

[ Solution])

The top left space can be filled in 3 ways andaibiom left space can be filled in 2

ways, so that the first column from the left carfibed in 3x2=6 ways. In moving

from column to column, we must retain at least ooleur used in the preceding
column. If we retain both colours, the only waysaseverse the positions of the two

tiles. If we retain just one colour, the tile wite repeated colour must be placed in a

non-adjacent position, and the remaining spadéesd fwith a tile of the third colour.

Hence there are 3 ways to fill each subsequentwulit follows that the total

number of ways is 6xX3:1458.

ANS : 1458
6. LetN=1"x2x3x £x 5x 6'x Px &x & How many perfect squares divide
N ?
[ Solution])

The prime factorization dfl is 2*°x 3°*x 5°x 7°, Its largest square factor is
2% x 3¥x 5% 7%, Its square factors are the squares of the faofo®° x 3°x 5°x 7',
Their number is (15+1)(6+1)(2+1)(1+1)=672.
ANS : 672
7.  How many positive integers not greater than 20122fxk only the digits 0, 1
or 27?



[ Solution])

The first few numbers are 1, 2, 10, 11, 12, 20221100, 101 and so on. These are
just numbers in base 3. The base 3 number 2011261 Be coverted to base 10 as
follows.

2 0 1 1 2 0 1 2

+ 6 + 18 + 57 + 174 + 528 + 1584 + 4755

6 19 58 176 528 1585 = 4757
X ‘ 3 x| 3 x 3 X ‘ 3 X 3 X 3 X 3
6 18 57 174 528 1584 4755

Including the number 20112012 itself, there are/4Fbsitive integers which use
only the digits 0, 1 and 2.
ANS : 4757
8. The diagram below shows four poi#sB, C andD on a circleE is a point on
the extension oBA andAD is the bisector o CAE. F is the point orAC such
thatDF is perpendicular t&C. If BA = AF = 2 cm, determine the length AC,

in cm.
[ Solution]) D E
Let G be the point o\C such thaFG = AF = 2 cm.
ThenGD = AD and Z/DAG =/DGA. SineABCD is a \
cyclic quadrilateral 2~ DCG =~/DBA. Moreover, A
/DGC =18C° -~ DGA )
=180° -/ DAG

=180° -/ DAE =/ DAB. A ‘ B
It follows that triangle9GC andDAB are congruent, so

thatGC=BA=2cm. HencAC=AD + DG+ GC+ 2 +2+2 =6 cm.

ANS : 6 cm
9. There are 256 different four-digit numbeabcd where each o, b, c andd is
1, 2, 3 or 4. For how many of these numbers adlt- bc be even?
[ Solution]
Note thatad — bc is even ifad andbc are either both odd or both even. The former
occurs when all four numbers are odd. The numbéhisfcase i2* = 16. The latter
occurs whera andd are not both odd, araslandc are not both odd. The number of
this case is(16 — 22)? = 144. Hence there ard 6 + 144 = 160 possible numbers.
ANS : 160
10. In a plane, given 24 evenly spaced points on decihow many equilateral

triangles have at least two vertices among thengpa@nts?
[ Solution]

There are 24% 23

=276 pairs of given points. For each pair, we can have

equilateral triangle on each side of the line jognthem. However, some of these
2x276 = 552 triangles have been counted 3 timeguse all three vertices are



among the given points. There are 24 + 3 = 8 suahgles. Hence the final count is
552 - 2 x 8 = 536.
ANS : 536
11. The diagram below shows a circular se€@#&B which is one-sixth of a circle,
and a circle which is tangent@A, OB and the ar@B. What fraction of the
area of the circular sect@AB is the area of this circle?
[ Solution]
Let C be the centre of the circle and let the extensicd® A
cut arcAB at a pointP. LetD be the point oi©B such that
CD is perpendicular t®B. LetCD =r. ThenOC = 2r and
CP =r, so thatOP = 3r. Hence the area of the sector is

%n(3r ) :gmz while the area of the circle igr?. The

desired fraction is%.

ANS :

12. An 8 x 8 chessboard is hung up on the wall asgetaand three identical darts
are thrown in its direction. In how many differevays can each dart hit a
different square such that any two of these thge@i®s share at least one
common vertex?

[ Solution])

There are 7 pairs of adjacent rows and 7 pairsljaicant columns, so that the

number of 2 x 2 subboards is 7 x 7 = 49. The theats must all hit a different

square of some 2 x 2 subboard, and the squarertissycan be any of the 4 squares

in the subboard. Hence the total number of wayis¥s19 = 196.

ANS : 196
Section B. (20 points each)

1. What is the integral part o, if

M:\/2012X\/2013<\/ 2014\/0--\/ (20f2- 8)\/ (2012 >2)/ (20R2 Xl) 201

[ Solution]
The required answer is 2012.

By using the inequality\/(N -1)(N +1) <N, we arrived that
J(2012 - 1%y 2012 </ (202>- 1)(20f2 & 202

It follows that

\/(2012?—2)xJ(2012— ¥y 2012<y (20f2 ®) (201x) 2012,




\/(2012?—3)x\/(2012— 2%\ (2012 ¥V 20ix. (2012 W) (2012

<2012 -2
Repeating the same process, we conclude

M 2\/2012><\/2013<\/ 2014\/---\/ (20%2- 2)\/ (2012 9y 201
<+/2012x 2014

<2013

This implies the integral part & is less than 2013.
And Conversely,

V2012 > 201:
J(2012 - 1xy/ 2012 >/ 2012 2012 20

\/(2012— o)/ (2012- 1%y 202> 2032 2012 2
\/(2012—3><\/(2012— 2x\ (202> ¥V 20f2>y 2022 2012 2

Continuing the same process, we have

\/2012><\/2013<\/ 2014\/---\/ (20%2 2)\/ (2012 9y 201

M =
>4/2012%x 2012
=2012
In summary, the integral part bfis 2012.
ANS : 2012
[ Marking Scheme]
L Showing
MiS At 1€aSt 2012.......uuuiiiiiiieiee e 5.points
L Showing
Mis less than 2013 ... e 13.points
L PP Correct
215311 PP 2 points

2. Letmandn be positive integers such that

n’> <8m<n?+604/n+1-/n)

Determine the maximum possible valuenof
[ Solution])
When divided by 8’ leaves a remainder no greater than 4.

Hence if 60(v/n+ 1—\/ﬁ)< 4, then there will not be a multiple of 8 betwe®and
n?+60(/n+1-+/n). It follows that we must havé0(/n+ 1-+/n)= 4.



1
Hence 152—:\/n+1+\/ﬁ> 2\/5, so that n< 56.
Jn+1-+/n

Whenn = 55 or 56, 60(/n+ 1-+/n )< 5, and the remainder when%& 56 is
divided by 8 is no greater than 1 Hence the desmeltiple of 8 cannot exist either.

Forn=54, 60(/55-+/54) \/_5 30 -/ since 30 x 30 = 908 880 = 4
+

i T
x 4 x 55. Now 5%= 2916 so that 54+60(/55-+/ 54> 2920. Since 2920 +8 = 365,
we can taken = 365. It follows that the maximum value mfve seek is 54.

ANS : 54
[ Marking Scheme)
O et e et eeeeeet e eee et e e e ea— e e e et e raar e aaaes Show that
BOGNF L=3/N)2 e 11 points
L P Solve the
INEQUATIEY ..ot 7 points
@ e e e e e Correct
= 15311 P 2 points

3. Let ABC be a triangle withJA=90° and OB =20°. LetE andF be points on
AC andAB respectively such thatlABE =10° and OACF =30°. Determine
OCFE.

[ Solution])

Note thatFC = 2AF. Let D be the midpoint

of BC and letG be the point o\B such

thatGD is perpendicular t8C. Then
trianglesABC andDBG are similar, so that

BD BA B
5G_ BC . By symmetry,
- GCB=./GBC=20°, so that2 GCF=20° also. Henc&G bisects.” BCF so that
E—ﬁ . SinceBE bisects~ ABC, %—E Now
FG BG BC CE
1 FC 1 BC
AF _2 _ 2 _BD _BA _AE

FG FG BG BG BC EC’
It follows thatCG is parallel toEF, so that/ CFE =/ GCF =20°.

ANS : 20°
[ Marking Scheme])
L Draw the
correct auxilary lINECG ... 3 points
PP List
equations of ratios of IeNGtNS...........coiceeeemeee e, Gimis
L RSSO Prove
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1. A positive real number is given. In each move, &e do one of the following:
add 3 to it, subtract 3 from it, multiply it by 8édivide it by 3. Determine all
the numbers such that after exactly three movesptiginal number comes back.

[ Solution]

The operations of adding 3 and subtracting 3 arerges of each other, as are the
operations of multiplying by 3 and dividing by 8the same number is obtained after
three operations, we can also achieve the samk bgoerforming the inverses of
these operations in reverse order. Sine the nuoflmgerations is odd, we cannot
perform only additions and subtractions, nor carpesorm only multiplications and
divisions. Let the given number BeWe consider two cases.

Casel: Only one operation is multiplication or division.
By symmetry, we may assume that this operationusiptication. There are three
subcases.

Subcase | (a). The multiplication is the first operation.
The last two must both be subtractions. From3-3 =x, we havex =3.

Subcase | (b). The multiplication is the second operation.

If the first operation is addition, then the thaperation cannot bring the number
back tox. Hence after two operations, we have-3@). If the third operation is
addition, we have (- 3) + 3 =xand we gek = 3 again. If the third operation is
subtraction, we have 8¢ 3) -3 =x so thatx = 6.

Subcase I (c). The multiplication is the third operation.
The first two operations must both be subtractiéinem 3k — 3 — 3) =x, we
havex = 9.

Casell. Only one operation is additon or subtraction.
By symmetry, we may assume that this operationbsraction. There are three
subcases.

Subcase |1 (a). The subtraction is the first operation.
The last two operations must both be multiplicadidfrom 3(3(-3)) =x, we

havex :H.
8



Subcase I1(b). The subtraction is the second operation.
If the first operation is division, then the thimgderation cannot bring the number
back tox. Hence after two operations, we haxe3 The third operation must

also be multiplicaiton. From 3%3- 3) =x, we havex :%.

Subcase I1(c). The subtraction is the third operation.
The first two operations must both be multiplicasoFrom 3(8) -3 =x, we

havex :§.
8
In summary, the possible values ag’e % % 3,6 and 9.

ANs:g, g, ?, 3, 6 and 9

[ Marking Scheme])

® Letk be the count of wrong/missing answesspre = 40 — Eaikl

(If the contestant missed the condition “positivarid get answers

0,—-3,—6,—9,—> —g, —Z they only counts as one wrong answer.)

2. The average age of eight people is 15. The agaatf s a prime number. There
are more 19 year old among them than any otherfthey are lined up in order
of age, the average age of the two in the middteeftine is 11. What is the
maximum age of the oldest person among the eight?

[ Solution])

Note that the total age of the eight people isI®x 120. The sum of the ages of the

two people in the middle of the line is 22. There enly three ways of expressing 22

as a sum of two prime numbers.

Casel. 11 and 11.

Because 19 appears more often than 11, the olttest inust all be 19, so that none
of the youngest three can be 11. Their ages masstipdo 120-2x11+3x19 = 41, but
the sum of three prime numbers less than 11 isat if+7+7=21. This case is
impossible.

Casell.5and 17.

The ages of the youngest four must be among 2d%aBy the Pigeonhole Principle,
two of them are of the same age. Hence the oldes imust all be 19, and we have
the same contradiction as in Case |.

Caselll. 3 and 19.

The the oldest three cannot all be 19. Hence threrat most three people who are 19.
Now the ages of the youngest four must be amongiZBaso that exactly two of

them are 2 and the other two are 3. The age dafltest person is therefore



120-2x2-2x3-3x%19 = 53, which happens to be a priumber.

Thus the only possible age of the oldest persé8.is

ANS : 53
[ Marking Scheme)
L Write out
all possible case of the age of middle two people...............cceeeee. 4 points
@ e e e e e e et et et e et e e e et e et e e e aaaaas Case |
........................................................................................................ 8 points
L PP Case |l
........................................................................................................ 12 points
O et e e e e et e e e e e e e e ranns Case Il
........................................................................................................ 12 points
O e e et e e et e e e e et e e eaans Correct
BNSWE ...ttt ettt ettt e e e e et e e et et e e et r e aaaeenas 4 points

3. Inthe diagram below, the numbers 1, 2, 3, 4, ¥, 8,and 9 are placed one
inside each hexagon, so that the sum of the nuni&de the four hexagons on
each of the three sides of the triangle is 19olf gre allowed to rearrange the
numbers but still have the same sum on each siulat, iwthe smallest possible
sum and what is the largest possible sum?

o6
IRE000

Each number is counted once except for the thrdeeatorners of the triangle.

To minimize the constant sum, we put 1, 2 and 8th&ince 1+4+7-1-2-3 = 6 and
6+ 3 = 2, the minimum sum is 19 -2 = 17. The diagkelow shows that the value
may be attained.

5 8

) D)
CXXEXE)
To maximize the constant sum, we put 7, 8 and @&tt&ince 7+8+9-1-4-7 = 12
and 12+3 = 4, the maximum sum is 19+4=23. The diagoelow shows that the




value may be attained.

ANS : The minimum sum is 17 and the maximum sum is 23
[ Marking Scheme])

PP Minimum
][ PP U PP PPTTRR 20 points

TP Maximu
T 0 PRSPPI 20 points

4. There are 2012 evenly spaced points on a line. Eachbe painted orange or
green. If three point8, B andC are such thaAB = BC, then ifA andC are
colored by the same color, scBsDetermine the number of all possible ways of
painting these points.

[ Solution])

Let these points from left to right bg,, ..., P21, WLOG assume thap, is green.

If not all points are green, we consider the mimms such thatp,.,, is orange,

then p, is green. SINCP_P,.1 = Pxr1Px:2 Pxs> MUSt also be orange. We have

the following lemma:

Lemma 1:

If p, is green,p,,, isorange, then for everk > 0 that satisfyx + 2k < 2012,
points p.. ., ..., Pxs+2x are all orange.

Proof of Lemma 1:

We prove it by induction ork.

When k = 1, We've already proved that bota. ., and p,., are both orange.

If the lemma is correct fok = kg, that is, all pointsp,, ..., px+2, are all orange.

When k = k, + 1, we have to prove thap, ., _.; and py.,« .. are both orange.

Since pxpx+ko+1 = px+kn+1px+2kn+2’ and Px iS green’ko +1= 21{0’ SO by

induction hypothesisp,,_.; iS orange. S, > Must be orange too. Since

Pra2ky Pre2kg+1 = Pxtzky+1Prs2iy+2 and bOthpx+2kD and Px+2k,+2 are orange,



Pxs2k,+1 MUSt be orange too. So the lemma also holds-atk, + 1.

By induction, the lemma is proved.

Back to the original problem, we consider the failog 2 cases:

Casel. x =1, then by lemma 1, we’ll have,,...,p-o,; are all orange, ang., ;-
can be green or orange.

Casell. x = 1, then by lemma 1, we’'ll havp,, 4, ..., p.1; are all orange, and
since either the midpoint gf, _;p,,1z O PxP201z Would be one of orange points,
we must havep,,,, iS orange.

In conclusion, all possible solutions are of for® QOGG...G, GG...GOO...0O,
0GG...GO, GOO...0G, where O stands for Orange, and@lstfor Green. The

first 2 cases both have 2012 possible solutionfies@ are in total 2052+2 = 4026
solutions.

ANS : 4026
[ Marking Scheme])
O e e e e e e e e e e e e ranns Prove
lemma 1 or itsS equivalent ............ouuiiii i 28imts
L PSPPSR Show
solution of the form OO...0GG...G .....cccooiiiii e 4 points
L PSPPSR Show
solution of the form OG...GO ........ooiiiiiiitemmee e 4 points
L PP Correct
2 1 o111 T PSP 4 points

5. Consider the four-digit number 2012. We can divideto two numbers in three
ways, namely, 2|012, 20|12 and 201|2. If we myltipé two numbers in each
pair and add the three products, we get 2x012+220Px2=666. Find all
other four-digit numbers which yield the answer &§@his process.

[ Solution]

Let the number of 10@3-10(b+10c+d, wherea is a non-zero digit while, c andd

are any digits. Then 1@B+110ac+111ad+10bc+11bd+cd=666. Note thati#0 as

otherwise 108b+110ac+10bc#6 (mod 10). We consider six cases.

Casel.ad = 6.
Then 11%hd = 666 so that all other terms must be 0, which mean=0. Hence we
have 1006, 2003, 3002 and 6001.

Casell.ad=5.
Then we have either 5b#551c+10bc =111 or 156+115c+10bc =111. We must also
haveb =c =0, but the equation is not satisfied.

Caselll.ad = 4.
We have three subcases.

Subcaselll(a).a=4 andd = 1.



Then 41b+441c+10bc = 222, which forceb = ¢ = 0. The equation is not
satisfied.

Subcaselll(b).a=1 andd = 4.
Then 144+114c+10bc = 222, which forcebd = 0 orc = 0. The equation is not
satisfied.

Subcaselll(c).a=d= 2.
Then 22B+222Z+10obc = 222. We have eithdr=0 andc=1 orb=1 andc = 0,
yielding 2012 or 2102.

CaselV.ad=3.

If a=3 andd =1, then 31b+331c+10bc = 333. Hence one dfandcis 1 and the
other is 0, but the equation is not satisfiec # 1 andd = 3, then 13B+113+10bc
= 333 so thab + c=1 (mod 10). The equation cannot be satisfied.

CaseV. ad =2.

If a=2 andd =1, then 21b+221c+10bc =444 so thab+c=4 (mod 10). The equation
cannot be satisfied. #=1 andd=2, then 12B+112+10bc = 444 so thab + c=2
(mod 5). The equation cannot be satisfied.

CaseVl.ad =1.
Thena=d=1 and 11b+111c+10bc =555. This is only possible fetr=0 andc =5 or
b =5 andc =0, yielding 1051 and 1501.

In summary, apart from 2012, the other numbers thiéhdesired property are 1006,
1051, 1501, 2003, 2102, 3002 and 6001.

ANS : 1006, 1051, 1501, 2003, 2102, 3002 and 6001
[ Marking Scheme)

6. Letnbe a positive integer such that2as 8 positive factors and Bas 12
positive factors. Determine all possible numberpasitive factors of 12
[ Solution]
Notethat8=7+1=3+1)(1+1)=(1+1)(1)K1 + 1). Since 2has 8 positive
factors, it is either the 7th power of a prime, pneduct of a prime and the cube of
another prime, or the product of 3 different prim@&& consider these cases
separately.

Casel.2n=p’ for some prime.
We must have = 2, but then 8= 3x 2 has (1 + 1)(6 + 1) = 14 positive factors
instead of 12. This is impossible.

Casell. 2n = p*q wherep andq are different primes.

Supposel = 2< p. If p= 3, then 8 = 3*has 4+1=5 positive factors.pf> 3, then B

= 39° has (1 + 1)(3 + 1) = 8 positive factors. Neitrepossible. Suppoge= 2< q. If
q=3,then 8=2x F has (2 + 1)(2 + 1) = 9 positive factors. ThislEampossible.
If q> 3, then 3= 2* x 3ghas (2 + 1)(1 + 1)(1 + 1) = 12 positive factorsjakh
satisfies the given condition. Hencent22* x 3qhas (4 + 1)(1 + 1)(1 + 1) = 20



positive factors.

Caselll. 2n = pgr wherep, g andr are different primes.

By symmetry, we may take= 2 andg < p. If q= 3, then 8= 3phas (2 + 1)(1 + 1)

= 6 positive factors. Iff > 3, Then 8 = 3pq has (1+1)(1+1)(1+1) = 8 positive factors.
Neither is possible.

In summary, we must have= 48 for some primey > 3, and it has 20 positive
factors.

ANS : 20
[ Marking Scheme])
L Consider
factorization and write out the relation with thewmber of divisors.
............................................................................... p8ints
O et e eeeeaeeeeeaeeeeaeeeraetreeea e rraerara Case |
........................................................................................................ 8 points
L Case ll
........................................................................................................ 8 points
@ e eaeeeeaeeeraeaeeeeaeeeraeateeetereretiiaetiraiaatns Case |l
........................................................................................................ 8 points
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OF SUCK N e 4 points
2 Correct
= 15311 P 4 points

7. Use straight and circular cuts to dissect a cirdle at least two congruent pieces.
There must be at least one piece which does ndéaicahe centre of the circle in
its interior or on its perimeter.

[ Solution])

The diagram on the right shows a six-piece dissedti which

every piece contains the centre of the circle ®ipérimeters.

Thus it is not a solution. However, it is a goadtfistep towards

a solution.

The diagram below shows the second step of twerifit twelve-piece dissections
which satisfy the problem.

[ Marking Scheme])



8. A machine consists of three boxes each with aigid that is initially off. When
objects are put into the boxes, the machine chibeksotal weight in each box. If
the total weight in one box is strictly less thha total weight in each of the
other two boxes, the red light of that box will go. Otherwise, all red lights
remain off. Use this machine twice to find a falkdl bBmong seven balls which is
heavier than the other six. The other six are aobégeight.

[ Solution])

Label the balls 1 to 7. In the first weighing, jpalls 1 and 2 in the first box, balls 3

and 4 in the second box and balls 5, 6 and 7 redttird box. The red light of the

third box cannot go on. There are three cases.

Casel. No red lights go on.

Then one of ball 5, 6 and 7 is heavy. In the seseeidhing, put ball 5 in the first
box, ball 6 is in the second box and put two ofdtieer five balls in the third box.
Again, the red light of the third box cannot go tmo red lights go on, then ball 7 is
heavy. If the red light of the first box goes dmen ball 6 is heavy. If the red light on
the second box goes on, then ball 5 is heavy.

Casell. The red light of the first box goes on.

Then one of balls 3 and 4 is heavy. In the secosidhving, put ball 3 in the first box,
ball 4 is in the second box and put two of the oftwe balls in the third box. The red
light of either the first box or the second box s on, and the heavy ball can be
found.

Caselll. The red light of the second box goes on.
This is analogous to Case Il, with one of ballsd 2 being heavy.
[ Marking Scheme])

O et e e e e e e et e et et e et et aeatr e e Consider
put 2, 2, 3 balls into each box and explain theltes..............ccc........... 24 points

L PSSP Consider
put 1, 1, 2 balls into each box and explain theltes..............ccc........... 16 points

9. The diagram below shows all five pieces which caridomed of four unit
squares joined edge to edge. They are called the, IN-, O- and
T-Tetrominoes.

(a) Use three different pieces to construct a é@guith reflectional symmetry.
Find five solutions.

(b) Use three different pieces to construct a fguith rotational symmetry. Find
one solution.



[ Solution])

(a) Five constructions are shown in the diagramwgelising the combinations
TIN, LON, LIT, LNT and NIL For some combination$iere are other
constructions

(b) A solution is shown in the diagram below, using combination ION.

[ Marking Scheme]

P Correct answer of (a)
......................................................................................... 3 poikiEch(15 max)

O e Correct answer of (b)
......................................................................................... 25 paint

10. The digits in base 10 have been replaced in soder by the letters, B, C, D,
E, F, G, H, | andJ. We have three clues.

(1) The two-digit numbefB is the product oA, AandC.

(2) The two-digit numbebDE is the product o€ andF.

(3) The two-digit numbeBG is the sum oH, | and the product df andG.
What digit is replaced by the lett&f?

[ Solution])
Note that none oA\, B andD can be 0. We have
10A+ B =AC 1)
10D + E=CF (2)
10B+G=H +1| +FG (3)

Consider (1). /A= 1, 110+B = C<9, which is a contradiction. A=2. 204 = 4C.
We haveB =4 andC6, orB = 8 andC =7. If A=3, 30+ =9C. We must hav® =6 and



C=4.1f A=4, 40 B =16C. We must hav8 =8 andC = 3. Suppos® = 8. ThenH
+1<7+9 = 16 and-G<7x9 = 63. By (3), 8880+G = H +I+FG<16+63 = 79, which
is a contradiction. We now have two cases.

Casel.B=4.
ThenA =2 andC = 6. Now (2) becomes D+ E = 6F. HenceE is even. We have
two subcases.

Subcase 1(a). E= 0.
From (2),F =5 andD = 3, so that only the digits 1, 7, 8 and 9 are Mtw (3)
becomes 40 #H + | + 4G. The only solution here =8 and H, 1} = {1, 7}.

Subcase 1(b). E = 8.
From (2),F = 3 andD = 1, so that only the digits 0, 5, 7 and 9 are N&w (3)
becomes 40 H + | + 2G < 40, which is a contradiction.

Case2.B=6.
ThenA = 3 andC = 4. Now (2) becomes DD+ E = 4F. AgainE is even. We have
three subcases.

Subcase 2(a). E= 0.
From (2),F =5 andD = 2, so that only the digits 1, 7, 8 and 9 are Ntw (3)
becomes 60 H + | + 4G < 60, which is a contradiction.

Subcase 2(b). E = 2.
From (2), we have eithér= 3 andD = 1 orF = 8 andD = 3. Neither is possible
as we already have= 3.

Subcase 2(c). E= 8.

From (2), we have two possibilities.Af= 2 andD = 1, then (3) becomes 60 =
H+I1+G < 30, which is a contradiction. Suppdse 7 andD = 2, so that only the
digits 1, 5, 8 and 9 are left. Now (3) becomes 60+l + 6G. There is a
solutionG=9and #H, 1} ={1, 5}.

In conclusion, there are two solutions:
A=2B=4C=6D=3 E=0F=5G=8,{H,I}={1,7}andJ=09.
A=3B=6C=4D=2E=8F=7G=9,{H,1}={1,5}andJ=0.

ANS :0, 9
[ Marking Scheme]
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September 8, 2003

Rose Garden Aprime Resort, Nakhon Pathom, Thailand.

1. M sold some apples and received an amount of méhklyhad sold 10 more
apples for the same amount of money, the pricenefapple would be 2 baht
less than the original price. If M had sold 10 lapples for the same amount of
money, the price of one apple would be 4 baht rtitae the original price.

(NoteBaht isthe Thai Currency)

a) How many apples did M sell ?

b) What was the price of one apple

2. Bag A has twice the number of beads in bag Bo t2beads in bag A are
removed and transferred to bag C. 20% of beadagrBoare removed and
transferred to bag C. After removing and trangigrbeads, there are now 488
beads in bag C which is 22% more than the originatber of beads in bag C.
How many beads were there in the bag A at the bewi?

3. City P is 625 kilometers from City Q. M depaitfrom City P at 5:30 a.m.
travelling at 100 kilometers per hour, and arriree€ity Q. Fifteen minutes
after M left, N departed from City Q and arrivedGity P travelling at 80
kilometers per hour. At what time did M and N ntegether?

4. Alan has 80% more stamps than Billy. Billy rgasf the number of Charlie's

stamps. If Billy gave 150 stamps to Charlie, tkdrarlie would now have three
times the number of Billy’s remaining stamps. Wisahe total number of
stamps they have altogether?

5. A boat is 50 kilometers away from the port. Dloat is leaky, so water flows
into the boat at the rate of 2 tons per 5 mindfébere were 90 tons of water in
the boat, the boat would sink. If there is a pumihe boat, pumping out 12
tons of water per hour, what should be the mininspeed of the boat in km/h
to avoid the boat from sinking?

6. X is a 2-digit number whose valueldf% of the sum of its digits. If 36 is added

to X, the result will contain the same digits buteverse order. Find X.



Thailand 1" Elementary Mathematics International Contest 2003 (TEMIC)

September 8, 2003

Rose Garden Aprime Resort, Nakhon Pathom, Thailand.

7. A B
F
D E C

Given; ABCD is a rectangle
BF = FC
DE = 6EC
What is the ratio between the unshaded area ashtided area?

8. Find all 2-digit numbers such that when the nem$ divided by the sum of its
digits the quotient is 4 with a remainder of 3.

9. Calculate the result of12° + 3 — 4 + ... + 200%- 200Z + 2003.

10. A

In the figure abov% =2 and the area of the shaded part is 42 &imd the
area of ABC.
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11 A, B and C worked together and received a totalen@h2400 baht. A
received 125% of B's wage, but 90% of C's wage.
(Baht = Currency of Thailand)

a) Determine who received more: B or C?

b) What is the difference between the wages of B &nd C

12. There are 20 red marbles, 30 white marblesant blue marbles in a box. If
you draw one marble from the box, the probabilitgleance of drawing one

blue marble is%. How many blue marbles are there in the box?

13. When 31513 and 34369 are each divided by aindhree-digit number, the
remainders are equal. Find this remainder.

14. Fill in all the numbers below into circles A, B, C, such d@lhhumbers in
circle A are divisible by 5, all numbers in cir@eare divisible by 2, all
numbers in circle C are divisible by 3.

1749, 3250, 7893, 2025, 1348, 2001, 112, 4822030, 930, 207, 750, 1605
A B

15. Fill the digits 1, 2, 3, 4, 5, 6, 7, 8, 9 inihe boxes
LTI <L Ix L | so that the expression will produce ldrgest
product. (Each digit can be used only once)
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(TEAM Contest)

1.0n quadrilateral ABCD, points M, N, P and Q areated on AB, BC, CD
and DA, respectively. The ratios of distance aré#dows:

AM:MB =3:5
BN:NC =1:3
CP:PD =4:5
DQ:QA =1:8

What is ratio of the area of MBNPDQ to the aredABfCD?

2. Peter had 144 books and donated them to fomosshWhen Peter checked the
number of books given to each school, he foundhaitthe difference of the
number of books between School A and School B wast#veen School B and
School C was 3; between School C and School D was 2

School A had the most number of books, but reckliess than 40 books.

(a)In how many ways could Peter allot the books too8tB and School D,
according to all conditions?

(b)How many books will School B and School D each get?

3. The area of quadrilateral ABCD is 6174°cnPoints E and F are the midpoints
of AB and CD, while G and H are the points on B@ & respectively, such
that CG = 2GB and AH = 2HD. What is the area oHEG

4. How many trailing zeros are there in the proadifidt x 2 x 3 x4 x5 x ... x 2003?
(Example10200000 has 5 trailing zeros)

5. Alloy M is composed of 95% bronze, 4% tin and 4ixc. Alloy N is composed
of bronze and tin only. If alloy M is mixed withl@y N in equal proportion, a
new alloy is formed, which has 86% bronze, 13.6%atid 0.4% zinc.

What is the percentage of bronze in alloy N?
(Note:alloy is a mixture of metals)
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6. An uncovered tank of water has the capacity287L The inner diameter of
the tank is 2.8 meters. The walls and the baskeofank have a uniform
thickness of 10 cm. If it costs 80 baht per squaeéer to paint the tank,

calculate the cost of painting the total surfacaar (Note: Baht is the Thai

currency) (Givem= % and answer to 2 decimals places.)

(Hint: Remember to include all surfaces)

7. There are three numbers: 3945, 4686 and 559&nwhey are divided by X,
the remainder is the same for each. What is theafuthe X and the common
remainder?

8. ABCD is a rectangle, with AB =4 cm. The aréasztangle ABCD is equal to
the area of the semicircle with radius AB. Find length EG. 1= 3.14)

E G

9. In a box of 12 different colored crayons, on¢haim is black. In how many
different ways can the teacher give these craymiasstudent so that the student
receives at least one black?

(Note: A student may receive from 1 — 12 crayons)

10. How many seven-digit numbers contain the drgit least once?
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Q1. There are 5 trucks. TrucksandB each carry 3 tons. TrucksandD each carry
4.5 tons. Trucke carries 1 ton more than the average load of alkrincks. How

many tons does trudk carry?

Q2. LetA =200320032003¢ 2004200420042004 and
B = 200420042004¢ 2003200320032003.
FindA — B.

Q3. There are 5 boxes. Each box contains eitheengoe red marbles only. The
numbers of marbles in the boxes are 110, 105, 10®,and 130 respectively. If
one box is taken away, the number of green marhlédse remaining boxes will
be 3 times the number of red marbles. How many lesrare there in the box

that is taken away?

Q4. Find the smallest natural number which whentiplidd by 123 will yield a
product that ends in 2004.

Q5. Peter has a weigh balance with two pans. Hehas one 200 g weight and one
1000 g weight. He wants to take 600 g of sugawobatpack containing 2000 g of

sugar. What is the minimum number of moves to a@temthis task?
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It takes 6 minutes to fry each side of a fisla frying pan. Only 4 fish can be
fried at a time. What is the minimum number of m@suneeded to fry 5 fish on

both sides?

John and Carlson take turns to pick candies feobag. John picks 1 candy,
Carlson 2 candies, John 3, Carlson 4 and so fAftar a while there are too few
candies to continue and so the boy whose turn, italses all the remaining
candies. When all the candies are picked, Johril@42 candies in total. What

was the original number of candies in the bag?

There are five positive numbers. The sum offitlsé and the fifth number is 13.
The second number is one-third of the sum of tHase numbers, the third
number is one-fourth of this sum and the fourth bems one-fifth of this sum.
What is the value of the largest number?

In a class of students, 80% participated ikéthsll, 85% participated in football,
74% participated in baseball, 68% participated wileyball. What is the

minimum percent of the students who participatedllithe four sports events?

Q10. Three digit numbers such as 986, 852 anch@4é digits in decreasing order. But

342,551, 622 are not in decreasing order
Each number in the following sequenceoimposed of three digits:
100, 101, 102, 103, ..., 997, 998, 999.
How many three digit numbers in the giveaguence have digits in decreasing

order?



India 2" Elementary M athematics | nter national Contest

Q 11. In the following figure, the black ball movese position at a time clockwise. The
white ball moves two positions at a time countevekWise. In how many moves

will they meet again? C

F
Q12. Compute:Z 22+ F- 4+ ........... - 2002+ 2003 - 2004 + 2005.

Q13. During recess one of the five pupils wrotensthing nasty on the blackboard.
When questioned by the class teacher, they answefeliowing order:
A: “lt was B andC.”
B: “NeitherE nor | did it.”
C: “A andB are both lying.”
D: “Either A or B is telling the truth.”
E: “D is not telling the truth.”
The class teacher knows that three of thewer lie while the other two may lie.

Who wrote it?
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Q14. In the figure belowRQRSis a rectangle. What is the valueaof b + c?
P Q

16

Q15. In the following figure, iCA = CE, what is the value of?
A B




India 2" Elementary M athematics | nter national Contest

Team Contest

A&EMY.
e
Doy S e
T —r

Date- 18' September 2004 Place — Lucknow, India

Team Name Score

T1. There are three people: grandfather, fathersamd The grandfather’'s age is an
even number. If you invert the order of the digitshe grandfather’s age, you get
the father’'s age. When adding the digits of thedes age together, you get the
son’s age. The sum of the three people’s agesdisThe grandfather’s age is less

than 100. How old is the grandfather?

Answer :
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T2. Three cubes of volume 1 &n8 cn? and 27 cmare glued together at their faces.

Find the smallest possible surface area of thdtmegwwonfiguration.

Answer :
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T3. A rectangle is 324 m in length and 141 m inthidivide it into squares with
sides of 141 m, and leave one rectangle with alsgkethan 141 m. Then divide
this new rectangle into smaller squares with smfethe new rectangle’s width,
leaving a smaller rectangle as before. Repeat alitilhe figures are squares.

What is the length of the side of the smallest sefia

Answer :




India 2" Elementary M athematics | nter national Contest

Team Contest

Date- 18' September 2004 Place — Lucknow, India

Team Name Score

T4. We have assigned different whole numbers fferént letters and then multiplied
their values together to make the values of wordsor example, ifF =5,0=3

andX = 2, thenFOX = 30.
Given thaTEEN = 52, TILT = 77 andTALL = 363, what is the value GATTLE?

Answer :
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T5. IfA=1%x2+2x3+3x4+ ....ovvvninnnnnn.. + 98x 99 and
I o i e R + 97 + 98,

what is the value & + B?

Answer :
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T6. Nine chairs in a row are to be occupied by sibdents and Professors Alpha,
Beta and Gamma. These three professors arriveebtfersix students and decide
to choose their chairs so that each professorbsilbetween two students. In how

many ways can Professors Alpha, Beta and Gammasehbeir chairs?

Answer :
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Team Name Score

3, 3 3 3
O + +...+
T7. Compute:7+-5*7.5,3 1+2+3+...+100

Answer :
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T8. How many different three—digit numbers cansfatihe following multiplication

problem?

Answer :
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T9. There are 16 containers of various shapelseértk 4 array below. Each container
has a capacity of 5 litres, but only contains thenber of litres as shown in the
diagram. The numbers on the sides indicate the sohount of water in the
corresponding line of containers. Redistributewlaer from only one container

to make all the totals equal.

*\,Jsz i lﬁ i)
HOJOIOIOk
SMOJOXOIOk
S OJOIOIOk
OO

Show your answer by writing the new number of $itie each of the containers in

the diagram below.
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T10. How many possible solutions are there inrgyirag the digits 1 to 9 into each
closed area so that the sum of the digits insid&yeuircle is the same. Each

closed area contains only one digit and no digites r@peated. Draw all the

possible solutions

Answer:
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1.

PEMIC PROBLEMS - Individual Contest

The numbers 4, 7, 10, 13, 16, ..., where each punsthree greater than the number
preceding it, are written in order in a book, onsdred to a page. The first group of one
hundred numbers begins on page 526. On which palggevnumber 2005 be located?

The numbers, b, ¢, d, e f and g are consecutive non-zero whole numbers arranged in
increasing order. lA+b+c+d+e+f+gis a perfect cube arc+ d + eis a perfect square,

find the smallest possible valued

(An example of a perfect cube is 8 because %): 2

(An example of a perfect square is 9 because 9)= 3

If each large ball Weigh]s% times the weight of each little ball

what is the minimum number of balls that need tcatlded to the

right-hand side to make the scale balance? You nuyremove

EEET

balls, but only add small and/or large balls torigat-hand side.

The different triangular symbols represent défe digits from 1 to 9. The symbols represent

the same digits in both examples. Find the twotdigmber represented .

AAN ANA
<AL | x e
LAA DO
AAM Ad

3 28 3 2 33 15 6




5. The following table shows the number of mathérsabooks sold over a period of five days.

Find the number of books sold on Tuesday.

MATHEMATICS BOOKS Monday, Tuesday & Wednesday 115
Wednesday & Thursday 85
Tuesday & Thursday 90
Monday & Friday 70
Thursday & Friday 80

6. Fractions in the formg are created such thatindb are positive whole numbers aad b =

333. How many such fractions are less than onecandot be simplified?
(Cannot be simplified means that the numeratordambminator have no common factor)

7.  Four friends were racing side by side down dydsaircase. Peter went down two steps at a
time, Bruce three steps at a time, Jessica fops &tta time, and Maitreyi five steps at a time.
If the only steps with all four footprints weretae top and the bottom, how many steps had

only one person’s footprint?

8. In the diagram, there are two touching cirobessh of radius 2 cm.
An ant starts at poik and walks around the figure 8 path ABCDEFCGA |
that order. The ant repeats the figure 8 walk, ragaid again. After the ant
has walked a distance of 2G0Bm it becomes tired and stops. The ant stop

at a point in the path. What letter point is it?



10.

11.

12.

13.

A basket and 16 potatoes are placed in a striighat equal intervals of 6 meters, with the
basket fixed at one end. What is the shortest plesime for Jose to bring the potatoes one
by one into the basket, if he starts from wherelthgket is and runs at an average speed of 3

meters per second?

A sequence of digits is formed by writing thgitd from the natural numbers in the order that

they appear. The sequence starts:

123456789101112 ...
What is the 2005digit in the sequence?

WhileB is riding a bicycle from PoinX to PointY, C is driving a car from Point to PointX,
each at a steady speed along the same road. Tregtshe same time and, after passing each
other,B takes 25 times longer to complete the journe§€.asind the ratio of the speed of the

bicycle to the speed of the car.

Ten whole numbers (not necessarily all differaave the property that if all but one of them
are added, the possible sums (depending on whiehsoomitted) are: 82, 83, 84, 85, 87, 89,
90, 91, 92. The TOsum is a repetition of one of these. What is tin@ ®f the ten whole

numbers?

A sequence of squares is made of identicalredtilas. The edge of each square is one tile

length longer than the edge of the previous squHre.first three squares are shown. How

many more tiles does the 2d05quare have than the 2402

[]




14.

15.

Lucky, Michael, Nelson and Obet were good fitenObet had no
money. Michael gave one-fifth of his money to Olaicky gave
one-fourth of his money to Obet. Finally, Nelsorvg@ne-third of
his money to Obet. Obet received the same amoumooey from ‘
each of them. What fraction of the group’s totaln@yp did Obet

have at the end?

Each of the numbers from 1 to 9 is placed, parecircle, into the pattern shown. The sums
along each of the four sides are equal. How maffgerdint numbers can be placed in the

middle circle to satisfy these conditions?



PEMIC PROBLEMS — Team Contest
In parallelogramABCD, BE = EC. The area of the
shaded region is 2 dmWhat is the area of parallelogram

A D
ABCD, in cnf? / M
- C
E
A D

B
: . . G
Refer to the diagram at the right. The lengtfoé side of
the large square is 4 cm and the length of one sidibe
small square is 3 cm. Find the area of the shadgidm, in o .

cnr.

The circle below is divided into six equal parts

Suppose you paint one or more of these parts blamk manydifferent patterns can you

form?  Any rotation of a pattern will be counted enc

Letn=9 + 99 + 999 + ... + 99999 --- 9, where thenlastber to be added consists of 2005

digits of 9. How many times will the digit 1 appean?

A merchant had ten barrels of oil which he agemhas
a pyramid, as shown. Every barrel bore a differ
number. You can see that he had accidentally aechr
them so that for each side the numbers add up .to

Rearrange them so that for each side, the numlers

up to the smallest sum possible. The sum must ée

same for all three sides




6. Find a route from a top cell to a bottom celtlo$ puzzle that gives 175 as a total. When your
route passes any cell adjacent to zero, your tethlces to zero. Each cell may be used only
once.

CO00000000

Arrange the digits 1 — 9 in the circles in suchay that:
1 and 2 and all the digits between them add @ to
2 and 3 and all the digits between them add u®to
3 and 4 and all the digits between them add #bto
4 and 5 and all the digits between them add uBto

8. During a recent census, a man told the cen&es that he had three children all having their
birthdays today. When asked about their ages, fieede “The product of their ages is 72. The
sum of their ages is the same as my house nunmbee.tensus taker ran towards the door and
looked at the house number. “I still can't tell'etisensus taker complained. The man replied,
“Oh, that'’s right. | forgot to tell you that theddst one likes ice cream.” The census taker

promptly wrote down the ages of the three childi¢ow old were they?



9. Digits of the multiplication operation below leateen replaced by either a circle or a square.
Circles hide odd digits, and squares hide everidigill in the squares and the circles with the
missing digits.

O

X O
OO

++ O
OLIO

10. Donuts are sold only in boxes of 7, 13, orzZbbuy 14 donuts you must order two boxes of 7,
but you cannot buy exactly 15 since no combinatibboxes contains 15 donuts. What is the

largest number of donuts thannot be ordered using combinations of these boxes?
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Indonesia Elementary Mathematics International Contest (INAEMIC) 2006

Individual Test Problems

Bali, May 26-31, 2006

Instructions:
* Write down your name on the answer sheet.
* Write your answer on the answer sheet.
* Answer all 15 questions.

* You have 90 minutes to work on this test.



. When Anura was years old his father wasl years old. Now his father is twice as
old as Anura is. How old is Anura now?

. Nelly correctly measures three sides of a rectangle and gets a tgidlaoh. Her
brother Raffy correctly measures three sides of the same rectangle and gets a total of
80 cm. What is the perimeter of the rectangle, in cm?

. Which number should be removed from:2, 3,4,5,6,7,8,9,10 and11 so that the
average of the remaining numbersi$?

. The houses in a street are located in such a way that each house is directly opposite
another house. The houses are numbéred3, ... up one side, continuing down the
other side of the street. If numbaT is opposite numbet4, how many houses are
there in the street altogether?

. There are& basketball players andi cheerleaders. The total weight of théasket-
ball players is540 kg. The average weight of thel cheerleaders i$0 kg. What is
the average weight of a0 people?

. How many natural numbers less th&i00 are there, so that the sum of its first digit
and last digit isl37?

. Two bikers A and B wer&70 km apart traveling towards each other at a constant
speed. They started at the same time, meeting 4fteurs. If biker B started hour
later than biker A, they would b20 km apart4 hours after A started. At what speed
was biker A traveling?

. In rectangleABCD, AB = 12 and AD = 5. PointsP,Q, R and S are all on
diagonalAC, so thatAP = PQQ = QR = RS = SC. What is the total area of the
shaded region?

C

D e




9.

10.

11.

12.

13.

In triangle ABC', AP = AQ and BQ) = BR. Determine anglé’Q R, in degrees.

c
/>

In the equation belowy is a positive whole number.

n=[]+[]-[]

A numbered card is placed in each box. If three cards numbeted are used, we
get2 different answers folN, that is2 and4. How many different answers fdy can
we get if four cards numbereld 2, 3, and5 are used?

A mathematics exam consists 2if problems. A student getspoints for a correct
answer, a deduction df point for an incorrect answer and no points for a blank
answer. Jolie get3l points in the exam. What is the most number of problems she
could have answered (including correct and incorrect answers)?

Joni and Dini work at the same factory. After every nine days of work, Joni gets one
day off. After every six days of work, Dini gets one day off. Today is Joni’'s day off
and tomorrow will be Dini’'s day off. At least how many days from today they will
have the same day off?

In a bank, Bava, Juan and Suren hold a distinct position of director (D), manager (M)
and teller (T). The teller, who is the only child in his family, earns the least. Suren,
who is married to Bava'’s sister, earns more than the manager. What position does
Juan hold? Give your answer in terms of D, M or T.



14. The following figures show a sequence of equilateral triangles of 1 square unit. The
unshaded triangle in Pattethhas its vertices at the midpoint of each side of the
larger triangle. If the pattern is continued as indicated by Paienhat is the total
area of the shaded triangles in Pattgrim square units?

AL L

Pattern 1 Pattern 2 Pattern 3

15. There are five circles with different diameters. Some of the circles touch each other

as shown in the figure below. If the total area of the unshaded pattscis?, find
the total area of the shaded parts, irfcm




Indonesia Elementary Mathematics International Contest (INAEMIC) 2006

Team Test Problems

Bali, May 26-31, 2006

Instructions:
* Ten minute discussion in the beginning to distribute problems to team members.

* No more discussion or exchange of problems allowed after the ten-minute discussion.

*

Each student must solve at least one problem.
* Write down your team name on the sheet.

* Write only your answer in the box on the sheet. No explanation is needed.

*

After 10-minute discussion, you have 50 minutes to work on this test.



Name L e
Team L et ———
Country e ettt ettt et teateeteareeneeneeneens

1. Four different natural numbers, all larger than 3, are placed in the four boxes below.

+ + + = 27

The four numbers are arranged from the smallest to the largest. How many different
ways can we fill the four boxes?

Answer :




Name L ———
Team L e
Country L e e ettt

2. The number2 has the following property: the sum of its digits is equal to the
product of its digits. Find the smalleStdigit natural number that satisfies the given
condition.

Answer :




Name L ———
Team L e
Country L e e ettt

3. A number X consists of non-zero digits. A number Y is obtained from X reversing
the order of its digits. If the sum of X and Y 81773 and the difference between
them is3177, determine the larger of these two numbers.

Answer :




Name L ———
Team L e
Country L e e ettt

4. ABCD is a parallelogramP, , R, andS are points on the side$B, BC, C'D and
DA respectively so thattP = DR . The area of parallelograldBC D is 16 crm?,
Find the area of the quadrilaterBt) RS.

Answer : cm?




Name L ———
Team L e
Country L e e ettt

. Adi has written a number of mathematical exams. In order to obtain an overall
average of0 points/percentage, he needed to score 100 points/percentage in the
final exam. Unfortunately, he achieved only 75 points/percentage in the final exam,
resulting in an overall average 8f points/percentage. How many exams did he
write altogether?

Answer :




Name L ———
Team L e
Country L e e ettt

. Annisa used 20 unit cubes to make a parallelepiped (rectangular prism). She painted
all six faces of the parallelepiped. Once the paint had dried, she disassembled the
cubes and found that 24 of the cubes had not been painted on any face. What is the
surface area of the parallelepiped?

Answer : square unit




Name L ———
Team L e
Country L e e ettt

7. Anumber of unit cubes are arranged to build a tower-like shape as shown in the figure
below. Note that there is a hole across from the left to the right, from the top to the
bottom, and from the front to the back. How many unit cubes are there altogether?

7

=l

Answer :




Name L ———
Team L e
Country L e e ettt

8. When31513 and34369 are divided by the same three-digit number, the remainders

are equal.
What is the remainder?

Answer :




Name L ———
Team L e
Country L e e ettt

9. Place any four digits from to 5 in a2 x 2 square so that:

(a) in the same row, the digit on the left is greater than that on the right, and

(b) in the same column, the digit in the top is greater than that at the bottom.

The diagrams below show two different ways of arranging the digits. How many
different ways are there in total?

S 3 S 3
4 2 2 1

EXAMPLE 1 EXAMPLE 2

Answer :

10



Name L ———
Team L e
Country L e e ettt

10. Peter uses a remote control to move his robot. The remote contrdldudions on it.
One button moves the robotstep forward, another button moveg isteps forward
and the third button movesaitsteps forward. How many different ways are possible
to move the robog steps forward?

Answer :

11
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International Youth Mathematics Contest 2007

Hongkong Elementary Mathematics International Conte st (HEMIC)

Individual Competition

Time allowed : 1 hour 30 minutes

Hong Kong : 29 July — 2 August 2007

Instructions:

Write down your name, team name and candidate number on the answer
sheet.

Write down all answers on the answer sheet.

Answer all 15 problems. Problems are in ascending order of level of
difficulty. Only NUMERICAL answers are needed.

Each problem is worth 6 points and the total is 90 points.

For problems involving more than one answer, points are given only when
ALL answers are correct.

Take n = 3.14 if necessary.
No calculator or calculating device is allowed.
Answer the problems with pencil, blue or black ball pen.

All materials will be collected at the end of the competition.



The product of two three-digit numbers abcand cbais 396396, where a > c. Find the
value of abc.

In a right-angled triangle ACD, the area of shaded region is 10 cm?, as shown in the
figure below. AD =5 cm, AB = BC, DE = EC. Find the length of AB.

C

A wooden rectangular block, 4 cm x 5 cm x 6 cm, is painted red and then cut into
several 1 cm x 1 cm x 1 cm cubes. What is the ratio of the number of cubes with two
red faces to the number of cubes with three red faces?

Eve said to her mother, “If | reverse the two-digits of my age, | will get your age.” Her
mother said, “Tomorrow is my birthday, and my age will then be twice your age.” It is
known that their birthdays are not on the same day. How old is Eve?

Find how many three-digit numbers satisfy all the following conditions:
if it is divided by 2, the remainder is 1,
if it is divided by 3, the remainder is 2,
if it is divided by 4, the remainder is 3,
if it is divided by 5, the remainder is 4,
if it is divided by 8, the remainder is 7.

A giraffe lives in an area shaped in the form of a right-angled triangle. The base and
the height of the triangle are 12 m and 16 m respectively. The area is surrounded by a
fence. The giraffe can eat the grass outside the fence at a maximum distance of 2 m.
What is the maximum area outside the fence, in which the grass can be eaten by the
giraffe?

Mary and Peter are running around a circular track of 400 m. Mary’s speed equals g

of Peter’s. They start running at the same point and the same time, but in opposite
directions. 200 seconds later, they have met four times. How many metres per second
does Peter run faster than Mary?

Evaluate 22007—(22°°6+ 22005, 22004 4 2% 2% P )1



10.

11.

12.

13.

14.

15.

A, B and C are stamp-collectors. A has 18 stamps more than B. The ratio of the
number of stamps of B to that of C is 7:5. The ratio of the sum of B’'s and C’s stamps to
that of A's is 6:5. How many stamps does C have?

What is the smallest amount of numbers in the product 1x2x3x4x..x26%x27 that
should be removed so that the product of the remaining numbers is a perfect square?

Train A and Train B travel towards each other from Town A and Town B respectively, at
a constant speed. The two towns are 1320 kilometers apart. After the two trains meet,
Train A takes 5 hours to reach Town B while Train B takes 7.2 hours to reach Town A.
How many kilometers does Train A run per hour?

Balls of the same size and weight are placed in a container. There are 8 different colors
and 90 balls in each color. What is the minimum number of balls that must be drawn
from the container in order to get balls of 4 different colors with at least 9 balls for each
color?

In a regular hexagon ABCDEF, two diagonals, FC and BD, intersect at G. What is the
ratio of the area of ABCG to that of quadrilateral FEDG?

There are three prime numbers. If the sum of their squares is 5070, what is the product
of these three numbers?

Let ABCDEF be a regular hexagon. O is the centre of the hexagon. M and N are the

mid-points of DE and OB respectively. If the sum of areas of AFNO and AFME is
3 cm?, find the area of the hexagon.

~ End of Paper ~



International Youth Mathematics Contest 2007

Hongkong Elementary Mathematics International Conte st (HEMIC)

Team Competition

Time allowed : 1 hour 30 minutes

Hong Kong : 29 July — 2 August 2007

Instructions:

® \Write down the team name and the name and candidate number of each
team member on the answer sheet.

® Discussion among the team members is allowed.

® \Write down all answers on the answer sheet.

® Answer all 10 problems. Problems are in ascending order of level of
difficulty. Only NUMERICAL answers are needed.

® Each problem is worth 20 points and the total is 200 points.

For problems involving more than one answer, points are given only when
ALL answers are correct.

Take n = 3.14 if necessary.
No calculator or calculating device is allowed.

Answer the problems with pencil, blue or black ball pen.

All materials will be collected at the end of the competition.



1.

N

Town A and Town B are connected by a highway which consists of an uphill and a
downhill section. A car’s speed is 20 km/hr and 35 km/hr for the uphill and downhill

sections respectively. It takes 9 hours from A to B but 7% hours from B to A. What is the

downhill distance (in km) from A to B?

The houses on one side of a street are numbered using consecutive odd numbers,
starting from 1. On the other side, the houses are numbered using consecutive even
numbers starting from 2. In total 256 digits are used on the side with even numbers and
404 digits on the side with odd numbers. Find the difference between the largest odd
number and the largest even number.

As shown in the figure below, ABCD is a parallelogram with area of 10. If AB=3, BC=5,
AE=BF=AG=2, GH is parallel to EF, find the area of EFHG.

A G D

B F C

. Find the two smallest integers which satisfy the following conditions:

(1) The difference between the integers is 3.
(2) In each number, the sum of the digits is a multiple of 11.

A four-digit number can be formed by linking two different two-digit prime numbers
together. For example, 13 & 17 can be linked together to form a four-digit number 1317
or 1713. Some four-digit numbers formed in this way can be divided by the average of
the two prime numbers. Give one possible four-digit number that fulfills the requirement.
(Please be reminded that 1317 and 1713 in the example above do not fulfill the
requirement, because they are not divisible by 15.)

How many prime factors does the number 2 + 22 + 23 + ... + 2'° + 2'® have?

A pencil, an easer, and a notebook together cost 100 dollars. A notebook costs more
than two pencils, three pencils cost more than four erasers, and three easers cost more
than a notebook. How much does each item cost (assuming that the cost of each item is
a whole number of dollars)?



8. There are 8 pairs of natural numbers which satisfy the following condition:
The product of the sum of the numbers and the difference of the numbers is 1995.
Which pair of numbers has the greatest difference?

9. Aland with a dimension 52 m x 24 m is surrounded by fence. An agricultural scientist
wants to divide the land into identical square sections for testing, using fence with total
length 1172 m. The sides of the square sections must be parallel to the sides of the
land. What is the maximum number of square testing sections that can be formed?

10.Find the total number of ways that 270 can be written as a sum of consecutive positive
integers.

~ End of Paper ~
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Instructions:

Write down your name, team name and candidate number on the answer
sheet.

Write down all answers on the answer sheet. Only Arabic NUMERICAL
answers are needed.

Answer all 15 problems. Each problem is worth 1 point and the total is 15
points.

For problems involving more than one answer, points are given only when
ALL answers are corrected.

No calculator or calculating device is allowed.
Answer the problems with pencil, blue or black ball pen.
All materials will be collected at the end of the competition.

1. Starting from the central circle, move between two tangent circles. What is the
number of ways of covering four circles with the numbers 2, 0, 0 and 8 inside, in
that order?

2. Each duck weighs the same, and each duckling weighs the same. If the total
weight of 3 ducks and 2 ducklings is 32 kilograms, the total weight of 4 ducks
and 3 ducklings is 44 kilograms, what is the total weight, in kilograms, of 2
ducks and 1 duckling?

3. If 25% of the people who were sitting stand up, and 25% of the people who were
standing sit down, then 70% of the people are standing. How many percent of the
people were standing initially?




10.

11.

12.

A sedan of length 3 metres is chasing a truck of length 17 metres. The sedan is
travelling at a constant speed of 110 kilometres per hour, while the truck is
travelling at a constant speed of 100 kilometres per hour. From the moment when
the front of the sedan is level with the back of the truck to the moment when the
front of the truck is level with the back of the sedan, how many seconds would it
take?

Consider all six-digit numbers consisting of each of the digits ‘0°, “1’, ‘2°, *3’, ‘4’
and ‘5’ exactly once in some order. If they are arranged in ascending order, what
is the 502" number?

How many seven-digit numbers are there in which every digit is ‘2’ or ‘3’, and
no two *‘3’s are adjacent?

The six-digit number abcabc has exactly 16 positive divisors. What is the
smallest value of such numbers?

How many five-digit multiples of 3 have at least one of its digits equal to ‘3’?

ABCD is a parallelogram. M is a point on AD such that AM=2MD, N is a point on
AB such that AN=2NB. The segments BM and DN intersect at O. If the area of
ABCD is 60 cm?, what is the total area of triangles BON and DOM?

The four-digit number ACCC is % of the four-digit number CCCB. What is
the value of the product of the digits A, B and C?

ABCD is a square of side length 4 cm. E is the midpoint of AD and F is the
midpoint of BC. An arc with centre C and radius 4 cm cuts EF at G, and an arc
with centre F and radius 2 cm cuts EF at H. The difference between the areas of
the region bounded by GH and the arcs BG and BH and the region bounded by
EG, DE and the arc DG is of the form mz —n cm? where m and n are integers.
What is the value of m+n? E >

G

H

B F C

In a chess tournament, the number of boy participants is double the number of
girl participants. Every two participants play exactly one game against each other.
At the end of the tournament, no games were drawn. The ratio between the
number of wins by the girls and the number of wins by the boys is 7:5. How
many boys were there in the tournament?



13. In the puzzle every different symbol stands for a different digit.

OHAL®
OMAL®
+ OHAL®
O] ol

What is the answer of this expression which is a five-digit number?

14. In the figure below, the positive numbers are arranged in the grid follow by the

arrows’ direction.
Column
1 2 3 4 5 ...

Row1| 1 2 6 7

21 3 5 8

3| 4 9

For example,

“8”is placed in Row 2, Column 3.
“9” is placed in Row 3, Column 2.

Which Row and which Column that “2008” is placed?

15. As | arrived at home in the afternoon. The 24-hour digital clock shows the time
as below (HH:MM:SS). | noticed instantly that the first three digits on the
platform clock were the same as the last three, and in the same order. How many
times in twenty four hours does this happen?

13:21:32

Note: The clock shows time from 00:00:00 to 23:59:59.
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1. N is a five-digit positive integer. P is a six—digit integer constructed by placing
a digit 1’ at the right-hand end of N. Q is a six—digit integer constructed by
placing a digit ‘1’ at the left-hand end of N. If P =3Q, find the five-digit

number N.

ANSWER :
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2. In a triangle ABC, X is a point on AC such that AX=15 cm, XC=5 cm,
~AXB=60° and ~ABC =2 _AXB. Find the length of BC, in cm.

AA

15 X 5

C

ANSWER : cm.




2008 Thailand Elementary Mathematics
International Contest (TEMIC)

Team Contest 2008/10/28 Chiang Mai, Thailand

Team: Score:

A track AB is of length 950 metres. Todd and Steven run for 90 minutes on this
track, starting from A at the same time. Todd's speed is 40 metres per minute
while Steven's speed is 150 metres per minute. They meet a number of times,
running towards each other from opposite directions. At which meeting are they
closest to B?

ANSWER :
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. 1 1 1 1 1 .
4. The numbers in group Aare —, —, —, — and —. The numbers in group
6 12 20 30 42
B are l i L and i The numbers in group C are 2.82, 2.76, 2.18 and
8 24 48 80

2.24. One number from each group is chosen and their product is computed.

What is the sum of all 80 products?

ANSWER :
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5. On the following 8x%8 board, draw a single path going between squares with
common sides so that
(&) itisclosed and not self-intersecting;
(b) it passes through every square with a circle, though not necessarily every
square;
(c) itturns (left or right) at every square with a black circle, but does not do so
on either the square before or the one after;

—0 —»o)(—#f)(—»:

(d) it does not turn (left or right) at any square with a white circle, but must do
so on either the square before or the one after, or both.

—0| | —»S> —»o> {bef

0|00

O[O

O[O0|0| |@
O

O[O

ANSWER :
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6. The diagram below shows a 7x7 checkerboard with black squares at the corners.

How many ways can we place 6 checkers on squares of the same colour, so that

no two checkers are in the same row or the same column?

ANSWER :
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7. How many different positive integers not exceeding 2008 can be chosen at most

such that the sum of any two of them is not divisible by their difference?

ANSWER :
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8. A TXTXT cube is cut into any 4x4x4, 3x3x3, 2x2x2, or 1x1x1 cubes. What is the

minimum number of cubes which must be cut out?

ANSWER :
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9. Place the numbers 0 through 9 in the circles in the diagram below without
repetitions, so that for each of the six small triangles which are pointing up

(shaded triangles), the sum of the numbers in its vertices is the same.

ANSWER S\
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10. A frog is positioned at the origin (which label as 0) of a straight line. He can
move in either positive(+) or negative(-) direction. Starting from 0, the frog must
get to 2008 in exactly 19 jumps. The lengths of his jump are 1°, 27, ..., 19°
respectively (i.e. 1% jump =12, 2" jump =22, . . ., and so on). At which jump is
the smallest last negative jump?

+

< -o - >
~ -
~ -

2
P
z
4.—"
S
N
~

<+~ .

0

-
,
/’—_~\\ ’
—_ v N 4
5 ~ 7’
N
k

2008

ANSWER :
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1.

Find the smallest positive integer whose product after multiplication by 543 ends
in 2009.

Linda was delighted on her tenth birthday, 13 July 1991 (13/7/91), when she
realized that the product of the day of the month together with the month in the
year was equal to the year in the century: 13x7 = 91. She started thinking about
other occasions in the century when such an event might occur, and imagine her
surprise when she realized that the numbers in her two younger brothers’ tenth
birthdays would also have a similar relationship. Given that the birthdays of the
two boys are on consecutive days, when was Linda’s youngest brother born?

Philip arranged the number 1, 2, 3, ..., 11, 12 into six pairs so that the sum of the
numbers in any pair is prime and no two of these primes are equal. Find the
largest of these primes.

In the figure, %of the larger square is shaded and g of the smaller square is

shaded. What is the ratio of the shaded area of the larger square to the shaded

area of the smaller square?

Observe the sequence 1, 1, 2, 3, 5, 8, 13, ... . Starting from the third number,
each number is the sum of the two previous numbers. What is the remainder
when the 2009™ number in this sequence is divided by 8?

Ampang Street has no more than 15 houses, numbered 1, 2, 3 and so on. Mrs.
Lau lives in one of the houses, but not in the first house. The product of all the
house numbers before Mrs. Lau’s house, is the same as that of the house numbers
after her house. How many houses are on Ampang Street?



2009 Philippine Elementary Mathematics International Contest Page 2
7. Inthe given figure, ABC is a right-angled triangle, where ~B =90°, BC =42 cm
and AB =56 cm. A semicircle with AC as a diameter and a quarter-circle with BC

as radius are drawn. Find the area of the shaded portion, in cm® (Use = =%)

A

D

.
B C
8. A number consists of three different digits. If the difference between the largest

and the smallest numbers obtained by rearranging these three digits is equal to
the original number, what is the original three-digit number?

9. The last 3 digits of some perfect squares are the same and non-zero. What is the
smallest possible value of such a perfect square?

10. Lynn is walking from town A to town B, and Mike is riding a bike from town B
to town A along the same road. They started out at the same time and met 1 hour
after. When Mike reaches town A, he turns around immediately. Forty minutes
after they first met, he catches up with Lynn, still on her way to town B. When
Mike reaches town B, he turns around immediately. Find the ratio of the
distances between their third meeting point and the towns A and B.

11. The figure shows the net of a polyhedron. How many edges does this polyhedron
have?
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12. In the figure, the centers of the five circles, of same radius 1 cm, are the vertices
of the triangles. What is the total area, in cm?, of the shaded regions?

(Use 7= %)

13. There are 10 steps from the ground level to the top of a platform. The 6 step is
under repair and can only be crossed over but not stepped on. Michael walks up
the steps with one or two steps only at a time. How many different ways can he
use to walk up to the top of the platform?

14. For four different positive integers a, b, c and d, wherea<b < c <d, if the
product (d —c) x (c—b) x (b —a) is divisible by 2009, then we call this group of
four integers a “friendly group”. How many “friendly groups” are there from 1 to
607

15. The figure shows five circles A, B, C, D and E. They are to be painted, each in
one color. Two circles joined by a line segment must have different colors. If five
colors are available, how many different ways of painting are there?
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1. Below is a 3x60 table. Each row is filled with digits following its own particular
sequence. For each column, a sum is obtained by adding the three digits in each

column. How many times is the most frequent sum obtained?

RowA | 1 2 3 4 5 1 2 3 4 5 4 5

Row B 1 2 3 4 1 2 3 4 1 2 3 4

RowC | 1 2 1 2 1 2 1 2 1 2 1 2
Answer : times
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2. All surfaces of the T-shape block below is painted red. It is then cut into
Ilcmxlcmxlcm cubes. Find the number of 1cmxlcmxlcm cubes with all six
faces unpainted.

10 cm

4 cm

3c¢cm 4 cm 5¢cm

4 cm

5 cm

Answer : cubes




Philippine
International
Mathematics

2009 VT 2009
Philippine 2 Philippine
Elementary F Elementary
Mathematics 0 m Mathematics
International PEMIC  AITMO International
Contest Contest
TEAM CONTEST
Team : Score :

3. Kiran and his younger brother Babu are walking on a beach with Babu walking
in front. Each of Kiran’s step measures 0.8 meter while each of Babu’s step
measures 0.6 meter. If both of them begin their walk along a straight line from
the same starting point (where the first footprint is marked) and cover a 100
meter stretch, how many foot-prints are left along the path? (If a footprint is
imprinted on the 100 meter point, it should be counted. Consider two foot-prints
as recognizable and distinct if one does not overlap exactly on top of the other.)

Answer : foot-prints
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4. Four 2 x1 cards, shown on the right in the following figure, are to be placed on
the board shown on the left below, without overlapping and such that the marked
diagonals of any two cards do not meet at a corner. The cards may not be rotated
nor flipped over. Find all the ways of arranging these cards that satisfy the given
conditions.

1 4

Answer :
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Water is leaking out continuously from a large reservoir at a constant rate. To

facilitate repair, the workers have to first drain-off the water in the reservoir with
the help of water pumps. If 20 pumps are used, it takes 5 full hours to completely
drain-off the water from the reservoir. If only 15 pumps are used, it will take an
hour longer. If the workers are given 10 hours to complete the job of draining-off
the water, what is the minimum number of water pumps required for the job?

Answer :

water pumps
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6. Asshown in the following figure, we arranged the positive integers into a
triangular shape so that the numbers above or on the left must be less than the
numbers below or on the right and each line has one more number than those
above. Let us suppose a;j stands for the number which is in the i-th line from the
top and j is the count from the left in the triangular figure(e.g. a,3=9). If a; is
2009, what is the value of i+j?

Answer :
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7. Inthe figure below, the area of triangle ABC is 12 cm®. DCFE is a parallelogram
with vertex D on the line segment AC and F is on the extension of line segment
BC. If BC =3CF, find the area of the shaded region, in cm?.

A

Answer : cm
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8. In the figure, the diameter AB of semi-circle O is 12 cm long. Points C and D
trisect line segment AB. An arc centered at C and with CA as radius meets
another arc centered at D and with DB as radius at point M. Take the distance
from point M to AB as 3.464 cm. Using C as center and CO as radius, a
semi-circle is constructed to meet AB at point E. Using D as center and DO as
radius, another semi-circle is constructed to meet AB at point F. Find the area of
the shaded region. (Use 7 =3.14 and give your answer correct to 3 decimal
places.)

Answer : cm?
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9. The following figure shows a famous model, designed by Galton, a British
biostatistician, to test the stability of frequency. Some wooden blocks with
cross-sections in the shape of isosceles triangles are affixed to a wooden board.
There are 7 bottles below the board and a small ball on top of the highest block.
As the small ball falls down, it hits the top vertices of some wooden blocks
below and rolls down the left or right side of a block with the same chance, until
it falls into a bottle. How many different paths are there for the small ball to fall
from the top of the highest block to a bottle?

Answer : paths
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10. In the following figure, assign each of the
numbers 1, 2, 3, 4, 5, 6, 7 to one of the six
vertices of the regular hexagon ABCDEF and its
center O so that sums of the numbers at the
vertices of the rhombuses ABOF, BCDO and
DEFO are equal. If solutions obtained by
flipping or rotating the hexagon are regarded as
identical, how many different solutions are

there?
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1.

A computer billboard is displaying the three “words” : IMC 2010 INCHEON. A
malfunction causes the initial “letter” of each of the three words to be shifted to

the end of that word every minute. Thus after 1 minute, the billboard reads MCI

0102 NCHEONI, and after 2 minutes, it reads CIM 1020 CHEONIN. After how
many minutes will the original three words reappear for the first time?

What is the sum of the digits of the number 10°**° —2010?

By the notation d_, we mean an n-digit number consisting of n times of the
digitd. Thus 5,=555and 4,9.8,3,=444999998333333. If 2,35 +35,2, =

we x>y ySweEx T

5,7,8,5,7, forsome integersw, x, y and z, what is the value of w + x +y + z?

A man weighs 60 kg plus one-quarter of his weight. His wife weighs 64 kg plus
one-fifth of her weight. What is the absolute difference between the weights of
the man and his wife in kg?

In quadrilateral ABCD, AB=6 cm, AD=4 cm, BC=7 cm and CD=15 cm. If the
length of AC is an integer number of cm, what is this number?
A B

A

The speed of the current in the river is 1 km per hour. A man rows a boat at
constant speed. He rows upstreams for 3 hours, and rows downstreams for 2
hours to return to his starting point. What is the distance, in km, between the
starting point of the boat and the point at which the boat turns around?

In the quadrilateral ABCD, AB is parallel to DC and AD = BC. If eight copies of
this quadrilateral can be used to form a hollow regular octagon as shown in the
diagram below, what is the measure of ~BAD, in degree ?




10.

11.

12.

13.

Let abc, def be two different 3-digit numbers. If the difference

abcdef — defabc is divisible by 2010, what is the largest possible sum of these
two 3-digit numbers?

What is the average of all different 9-digits numbers where each consists of the
digit 5 five times and the digit 4 four times?

ABCD is a rectangle with AB=4 cm and BC=6 cm. E, F, G and H are points on
the sides AB, BC, CD and DA respectively, such that AE=CG=3 cm and
BF=DH=4 cm. If P is a point inside ABCD such that the area of the quadrilateral
AEPH is 5 cm?, what is the area the quadrilateral PFCG, in cm??

A H D
G
P
E
B E C

Narrow vegetable spring-rolls of length 8 cm are supposed to be made by rolling
8-cm bean sprouts inside 6 cm x 8 cm rice papers into cylinders. Instead, the
workers are provided with 6 cm bean sprouts. So they roll the rice paper the
other way and get wide cylinders of length 6 cm. For either kind of spring rolls,
there is an overlap of 1 cm in order for the rice paper to stick. What is the ratio
of the volume of the 8 cm spring roll to the volume of the 6 cm spring roll?

The largest of 23 consecutive odd numbers is 5 times the smallest. What is the
average of these 23 numbers?

The digits 1, 2, 3,4, 5, 6, 7, 8, and 9 are to be written in the squares so that every
row and every column with three numbers has a total of 13. Two numbers have
already been entered. What is the number in the square marked > ?

9




14. Inatest given in four subjects, each of five students obtained a score of w, x, y
or z in each individual subject, as shown in the table below. The total score of
each student had been computed, as well as the class total for each subject
except for one. What was the class total for Biology?

Students Anna | Gail | Mary | Patty | Susie | Class Total
Algebra W 4 W z y 416
Biology W X y y 4 ?
Chemistry X y y W X 428
Dictation y W z z X 401
Individual Total | 349 330 349 326 315

15. What is the largest positive integer n which does not contain the digit 0, such
that the sum of its digits is 15 and the sum of the digits of 2n is less than 20?
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1. Patis building a number triangle so that the first row has only one number, and
each subsequent row has two more numbers than the preceding one. Starting
from 1, the odd numbers are used in order in the odd-numbered rows. Starting
from 2, the even numbers are used in order in the even-numbered rows. Thus her

triangle starts off as follows.
1

2 4 6
35 7 9 11
8§ 10 12 14 16 18 20
13 15 17 19 21 23 25 27 29
22 24 26 28 30 32 34 36 38 40 42

Determine the row number in which the number 2010 will appear in Pat’s
number triangle.

Answer:
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2. In a faulty calculator, only the keys 7, —, %, + and = work. If you press 7 after 7,
you will get 77, and so on. As soon as an operation key is pressed, the preceding
operation, if any, will be performed. When the = key is pressed, the final answer
will appear. Find a sequence of key pressing which produces the final answer
34.

Answer:
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3. Asquare is divided into three parts of equal area by two parallel lines drawn
from opposite vertices, as shown in the diagram below. Determine the area of
the square, in cm’, if the distance between the two parallel lines is 1 cm?

Answer: cm




International Mathematics Competition,
25~29 July, 2010, Incheon, Korea,

©

Elementary Mathematics International Contest

TEAM CONTEST

Team : Score :

4. John and Mary live in the same building which has ten apartments on each floor.
The apartments are numbered consecutively, with 1 to 10 on the first floor, 11 to
20 on the second floor, 21 to 30 on the third floor, and so on. The number of
Mary’s apartment is equal to John’s floor number, and the sum of their
apartment numbers is 239. Determine the number of John’s apartment.

Answer:
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5. Three couples went shopping in a mall. The following facts were known.
(1) Each person spent a whole number of dollars.
(2) The three wives spent $2408 among them.
(3) Lady A spent $400 plus half of what Lady B spent.
(4) Lady C spent $204 more than Lady A .
(5) Mr. X spent four times as much as his wife.
(6) Mr. Y spent $8 more than his wife.
(7) Mr. Z spent one and a half times as much as his wife.
(8) The three couples spent altogether $8040.
Determine the three husband-wife pairs.

Mr. X - Lady

Answer: Mr.Y - Lady

Mr. Z - Lady
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6. A nine-digit number contains each of the digits 1, 2, 3, 4, 5, 6, 7, 8 and 9 exactly
once, and every two adjacent digits of this nine-digit number form a two-digit
number which is the product of two one-digit numbers. Determine this nine-digit
number.

Answer:
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7.  Sixteen students, labelled A to P, are writing a five-day examination. On each
day, they write in four rooms, with four of them in a room. No two students are
to be in the same room for more than one day. The published schedule, as shown
in the diagram below, contains smudges, and unreadable entries are replaced by
Xs. Replace each X by the correct letter.

Room Day 1 Day 2 Day 3 Day 4 Day 5
1 |[AIBICIDIXIGIT|PIXIXIXIMXH I XX GX|X
2 |[EIFIGIH X XIXIN/IDIFIX/O|X|{E|J I X|BIX{JiO
3 I'"JIKILICIE|L|X|X{H|L/P/IAI X K| X|A XXM
4 IMINIO/PIDIXIKIXIXIXIKIXIBIX{X|X|CIF|X|X
Room Day 1 Day 2 Day 3 Day 4 Day 5
1 |[A/B|C|D G|I|P M H| I G
2 |E{FI{GIH N|D|F Q) ElJ B J 1O
3 [{JiIK{L|CI{E|L HiL{P|A K A M
Answer:! 4 (MIN|O|P|D| [K K{ |B C|F
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8. A 1x4 alien spaceship is going to land on a 7x7 airfield, occupying 4 of the 49
squares in a row or a column. Mines are placed in some of the squares, and if the
alien space ship lands on a square with a mine, it will blow up. Determine the
smallest number of mines required to guarantee that the alien spaceship will be
blown up, wherever it lands on this airfield. Show where the mines should be
placed.

Answer:
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9.  All but one of the numbers from 1 to 21 are to be filled into the squares of a
4x5 table, one number in each square, such that the sum of all the numbers in
each row is equal to a number, and the sum of all the numbers in each column is
equal to another number. Find all possible values of the number which is deleted,
and find a way of filling in the table for each number that was deleted.

Answer:
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10. Each of the six pieces shown in the diagram below consists of two to five
isosceles right triangles of the same size. A square is to be constructed, without
overlap, using n of the six pieces. For each possible value of n, give a
construction.

__+_ D D BN

/ /1 Vs Vs
/ 7 | / /
I 7 7 7 7
/ / | / /
L o . . . S S’ S S e |
7’ 1 1 1 N 7’
7N 1 1 1 VAN
7z N 1 1 1 7z N
\I I/ I/ AY
N N7z A 4 Y
it S et Pt S’
1
1
1

VAN TN N BN s N ’
N \ N \ N \ N
. s . s
S 1 RS | S 1 RS
VAN ' N | VAN ' N
N ’ \ ’ N ’
N Ny, N
N N/ N N
ON o x *d PN ’
[IERN s ! [N ZARLEERN ,
AN s 1 (BN AN TN ,
N \ N \ \ \ N \ N
v . v v
S 1 S | | | N | S
N ' RN | ' | s N | V2B
N ’ \ ’ N
AL N | [ Ny
Ny Ny Ny Ny Ny N
o T K
HEN ’ ’ ’
ZARLEERN s !
AN s 1
N N \ \
v ! 2
S 1 S | |
VAEREN
° s | | |
nSwer RN AN
. |




2010 EMIC Answers

Individual
1. 84 2. 18079 | 3. 15 4, 0 5. 12
6. 12 7. 112%° 8. 1328 9. | 506172839 10. 8
11.| 100:147 |12. 33 13. 4 14, 424 15.| 5511111
Team
1. 46 2. 777+7-77=34
3. 13 4. 217
Mr. X — LadyC,
5. Mr.Y — LadyA 6. 728163549
Mr.Z — LadyB
Room Dayl Day 2 Day 3 Day 4 Day 5
1 B CiGiJ C N|D LiN
7. 2 AlFiJ I D P H
3 O|A G O Eil
4 H M|BIE N FILIM KIP
. . 21| 4 | 5|15/|10
. . 200 3|6 (14|12
8. 12, ® ® 9 11’
. . 1|18|16] 7 |13
ST T 2 [10]17] 8] 9
n=1, 2, 3,5 and 6:
10.
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1. Forany two numbersaand b, a*b means a+b—¥.

Calculate: 1*2#3%...%2010+*2011.

2. Suppose 11 coconuts have the same cost as 14 pineapples, 22 mango have the
same cost as 21 pineapples, 10 mango have the same cost as 3 bananas, and 5
oranges have the same cost as 2 bananas. How many coconuts have the same
cost as 13 oranges?

1+2 4+5 2011+ 2012

3. Adqgirl calculates ——+ +.--+4————— and a boy calculates
3 6 2013
1 1 1 ) i
1+ =+=+---+——. What is the sum of their answers?
2 3 671

4, What is the first time between 4:00 and 5:00 that the hour hand and the minute
hand are exactly 10° apart?

5.  Two squirrels, Tim and Kim, are dividing a pile of hazelnuts. Tim starts by
taking 5 hazelnuts. Thereafter, they take alternate turns, each time taking 1 more
hazelnut than the other in the preceding turn. If the number of hazelnuts to be
taken is larger than what remains in the pile, then all remaining hazelnuts are
taken. At the end, Tim has taken 101 hazelnuts. What is the exact number of
hazelnuts at the beginning?

6. Inhow many ways can we pay a bill of $500 by a combination of $10, $20 and
$50 notes?

7. The least common multiple of the numbers 16, 50 and A is 1200. How many
positive integers A have this property?



8.

10.

In the figure below, AM = BN :CP:1 and MQ NR _ PS ==—. If the
MB NC PA 2 ON RP SM 2

area of AABC is 360 cm?, what is the area of AQRS, in cm??

In a 2x3 table, there are 10 rectangles which consist of an even number of unit
squares.

a123 12 2 3

: '

1

H H H am @
bDj bDj

How many rectangles are there in a 6x9 table which consist of an even number
of unit squares?

Find the smallest positive common multiple of 4 and 6 such that each digit is
either 4 or 6, there is at least one 4 and there is at least one 6.



11. We have two kinds of isosceles triangles each with two sides of length 1. The

12.

13.

acute triangle has a 30° angle between the two equal sides, and the right triangle
has a right angle between the two equal sides. We place a sequence of isosceles
triangles around a point according to the following rules. The n-th isosceles
triangle is a right isosceles triangle if n is a multiple of 3, and an acute isosceles
triangle if it is not. Moreover, the n-th and (n+1)-st isosceles triangles share a
common side, as shown in the diagram below. What is the smallest value of
n>1such that the n-th isosceles triangle coincides with the 1-st one?

When the digits of a two-digit number are reversed, the new number is at least 3
times as large as the original number. How many such two-digit numbers are
there?

In the quadrilateral ABCD, AB=CD, ~BCD=57°, and ~ADB + 2 CBD = 180°.

Find the value of .~ BAD. 5



14,

15.

Squares on an infinite chessboard are being painted. As shown in the diagram
below, three squares (lightly shaded) are initially painted. In the first step, we
paint all squares (darkly shaded) which share at least one edge with squares
already painted. The same rule applies in all subsequent steps. Find the number
of painted squares after one hundred steps.

First step

The rows of a 2011x4024 chessboard are numbered from 1 to 2011 from bottom
to top, and the columns from 1 to 4024 from left to right. A snail starts crawling
from the cell on row 1 and column 1 along row 1. Whenever it is about to crawl
off the chessboard or onto a cell which it has already visited, it will make a left
turn and then crawl forwards in a straight line. Thus it follows a spiraling path
until it has visited every cell. Find the sum of the row number and the column
number of the cell where the path ends. (The answer is 3+2=5 for a 4x5 table.)
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1. There are 18 bags of candies. The first bag contains 1 piece. The second bag

contains 4 pieces. In general, the k-th bag contains k> pieces. The bags are to be
divided into three piles, each consisting of 6 bags, such that the total number of
pieces inside the bags in each pile is the same. Find one way of doing so.

1% pile :

Answer: 2" pile :

3" pile :
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2. There are eight positive integers in a row. Starting from the third, each is the sum
of the preceding two numbers. If the eighth number is 2011, what is the largest
possible value of the first one?

Answer:
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3. Oisthe centre of a circle. A light beam starts from a point A, on the circle, hits
a point A on the circle and then reflects to hit another point A, on the circle,
where ZA/AO =ZA,AO. Then it reflects to hit another point A,, and so on. If
A, is the first point to coincide with A, how many different choices of the
point A can there be?

Answer: different choices
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4. The capacities of a large pipe and four identical smaIIJoipes, in m® per hour, are
positive integers. The large pipe has a capacity of 6 m® per hour more than a small
pipe. The four small pipes together can fill a pool 2 hours faster than the large
pipe. What is the maximum volume of the pool, in m®?

Answer: m®
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5. The boys in Key Stage |1, wearing white, are playing a soccer match against the
boys in Key Stage 11, wearing black. At one point, the position of the players on
the field are as shown in the diagram below. The ball may be passed from one
team member, in any of the eight directions along a row, a column or a diagonal,
to the first team member in line. The ball may not pass through an opposing team
member. The goalkeeper of Stage Il, standing in front of his goal on the right, has
the ball. Pass the ball so that each member of the white team touches the ball once,
and the last team member shoots the ball into the black team's net.

[ J[e]
o
[ ] o [ ]
(@]
[ ] [ ]
] \\ //\\O //
@ )| |of ) (e @
/ \\// \
o (o] (o]
[ ] [ ] (o] (@]
[ ]
® O
(o]
e (o] ()
(@)
([ ] ([ ]
|| (0]
e T e T UL I e[ O
o (o] [e]
(] (] O o
Answer: .
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6. A palindrome is a positive integer which is the same when its digits are read in
reverse order. In the addition 2882+9339=12221, all three numbers are
palindromes. How many pairs of four-digit palindromes are there such that their
sum is a five-digit palindrome? The pair (9339, 2882) is not considered different
from the pair (2882, 9339).

Answer: pairs
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7. Placeeachof 1, 2, 3,4, 5, 6 and 7 into a different vacant box in the diagram
below, so that the arrows of the box containing O point to the box containing 1.
For instance, 1 is in box A or B. Similarly, the arrows of the box containing 1
point to the box containing 2, and so on.

A B

»
>

0

Yy Y

A

A

Yy VY

A

\ 4
A

Answer:
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8. On calculators, the ten digits are displayed as shown in the diagram below, each
consisting of six panels in a 3x2 configuration.

A calculator with a two-dimensional display was showing the subtraction of a
three-digit number from another three-digit number, but the screen was
malfunctioning so that only one panel of each digit was visible.

What is the maximum value of the three-digit difference?

Answer:
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9. Six villages are evenly spaced along a country road. It takes one hour to ride on a
bicycle from one village to the next. Mail delivery is once a day. There are six
packets of letters, one for each village. The mailman's introductions are as
follows:

(1) Ask the Post Office van to drop you off at the village on the first packet and

deliver it.

(2) Ride the bicycle non-stop to the village on the second packet and deliver it.

(3) Repeat the last step until all packets have been delivered.

(4) Phone the Post Office van to pick you up.
The mailman is paid 20000 rupiahs an hour on the bicycle. Taking advantage that
the Post Office has no instructions on how the packets are to be ordered, what is
the maximum amount of money he can earn in a day?

Answer: rupiahs
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10. How many different ways can 90 be expressed as the sum of at least two
consecutive positive integers?

Answer:
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1. 2011 2. 13 3. 1342 4. 4:20 5. 205
6. 146 7. 15 8. 40 0. 645 10. 4464
11. 23 12. 6 13. 57° 14. 20503 | 15. 4025
Team

The first pile consists of 324, 169, 121, 64, 16 an
1. | the second pile consists of 256, 225, 144, 49 n2bda
and the third pile consists of 289, 196, 100, &laid 1.

2. 240 3. 72

1-2—-3-8-10—-4-7-9-6-11-50r

4 72 5 1-2-3-810-11-6-9-7-4-5
0' \ 4 5 \A 4 1 y

6 36 7 3' A 4 A ‘2
71|68

8. 529 9. 340000

10. 5
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1. In how many ways can 20 identical pencils be disted among three girls so
that each gets at least 1 pencil?

2. On a circular highway, one has to pay toll chaaehree places. In clockwise
order, they are a bridge which costs $1 to crots@el which costs $3 to pass
through, and the dam of a reservoir which cost®®§o on top. Starting on the
highway between the dam and the bridge, a car goekwise and pays
toll-charges until the total bill amounts to $18mw much does it have to pay
at the next place if he continues?

3.  When a two-digit number is increased by 4, the stits digits is equal to half
of the sum of the digits of the original numberwHmany possible values are
there for such a two-digit number?

4. In the diagram below)AB is a circular sector witA = OB and JAOB =30°.
A semicircle passing throughis drawn with centr€ on OA, touchingOB at
some poinfl. What is the ratio of the area of the semiciroléhe area of the
circular sectoOAB?

o) C A

5. ABCD is a square with total area 36 Tif is the midpoint oAD andE is the
midpoint of FD. BE andCF intersect aG. What is the area, in éof triangle
EFG?

B C




10.

11.

In a village, friendship among girls is mutual. Bayirl has either exactly one
friend or exactly two friends among themselves. @wening, all girls with two
friends wear red hats and the other girls all vikae hats. It turns out that any
two friends wear hats of different colours. In #feernoon, 10 girls change their
red hats into blue hats and 12 girls change thee bats into red hats. Now it
turns out that any two friends wear hats of theesaalour. How many girls are
there in the village? (A girl can only change hat éince.)

The diagram below shows a 7 x 7 grid in which tteaaf each unit cell (one of
which is shaded) is 1 &rFour congruent squares are drawn on this grid. Th
vertices of each square are chosen among the 49atmt two squares may not
have any point in common. What is the maximum areent, of one of these
four squares?

The sum of 1006 different positive integers is MHA If none of them is
greater than 2012, what is the minimum number e$¢hintegers which must be
odd?

The desks in the TAIMC contest room are arrangeal6rx 6 configuration.
Two contestants are neighbours if they occupy adjaseats along a row, a
column or a diagonal. Thus a contestant in a semtarner of the room has 3
neighbours, a contestant in a seat on an edge obtim has 5 neighbours, and a
contestant in a seat in the interior of the room &iaeighbours. After the contest,
a contestant gets a prize if at most one neighbasiia score greater than or
equal to the score of the contestant. What is maximumber of prize-winners?

The sum of two positive integers is 7 times thdfedence. The product of the
same two numbers is 36 times their difference. \ithtite larger one of these
two numbers?

In a competition, every student from school A armhf school B is a gold
medalist, a silver medalist or a bronze medaliseé fiumber of gold medalist
from each school is the same. The ratio of thegrgage of students who are
gold medalist from school A to that from schoolsBbi6. The ratio of the
number of silver medalists from school A to thanfrschool B is 9:2. The
percentage of students who are silver medalists froth school is 20%. If 50%
of the students from school A are bronze medakgtsit percentage of the
students from school B are gold medalists?



12. We start with the fractiong. In each move, we can either increase the

numerator by 6 or increases the denominator bytndat both. What is the

minimum number of moves to make the value of thetion equal tog again?

13. Five consecutive two-digit numbers are such thas2vdivisor of the sum of
three of them, and 71 is also a divisor of the s@ithree of them. What is the
largest of these five numbers?

14. ABCD is a squareV is the midpoint oAB andN is the midpoint oBC. P is a
point onCD such thaCP =4 cm and®D = 8 cm,Q is a point orDA such that
DQ =3 cm.O is the point of intersection &P andNQ. Compare the areas of
the two triangles in each of the pai@dM, QAM), (MON, MBN), (NOP, NCP)
and POQ, PDQ). In cnf, what is the maximum value of these four diffees®

A M B
N

Q \

D P C

15. Right before Carol was born, the age of Eric isat¢ithe sum of the ages of
Alice, Ben and Debra, and the average age of tleevias 19. In 2010, the age
of Debra was 8 more than the sum of the ages ofaBdrCarol, and the average
age of the five was 35.2. In 2012, the averagecd@en, Carol, Debra and Eric
is 39.5. What is the age of Ben in 20127
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1. Each of the nine circles in the diagram below cmsta different positive integer.
These integers are consecutive and the sum of nmanball the circles on each
of the seven lines is 23. The number in the catlne top right corner is less
than the number in the circle at the bottom rigither. Eight of the numbers
have been erased. Restore them.

Answer
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2. Aclay tablet consists of a table of numbers, pawhich is shown in the
diagram below on the left. The first column corsist consecutive numbers
starting from 0. In the first row, each subsequemhber is obtained from the
preceding one by adding 1. In the second row, sabkequent number is
obtained from the preceding one by adding 2. Irthire row, each subsequent
number is obtained from the preceding one by ad8jrand so on. The tablet
falls down and breaks up into pieces, which areps\aeray except for the two
shown in the diagram below on the right in magdifierms, each with a
smudged square. What is the sum of the two nundretisese two squares?

O(1] 2| 3| 4 5

135 7| 9| 11 2012
25| 8|1114|17 ? | 20122023 2683
3| 7|11/15|19|23

4| 9|14 19|24|29 ’
5| 11|17|23| 29|35

Answer
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3. Inarow of numbers, each is either 2012 or 1.flisenumber is 2012. There is
exactly one 1 between the first 2012 and the se20a@. There are exactly two
1s between the second 2012 and the third 2012eTrerexactly three 1s
between the third 2012 and the fourth 2012, anahs&Vhat is the sum of the

first 2012 numbers in the row?

Answer
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4. In atest, one-third of the questions were answigraatrectly by Andrea and 7
guestions were answered incorrectly by Barbara. flitheof the questions were
answered incorrectly by both of them. What wasntlagimum number of
guestions which were answered correctly by botinem?

Answer
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5. Five different positive integers are multiplied taba time, yielding ten products.
The smallest product is 28, the largest produ2d&and 128 is also one of the
products. What is the sum of these five numbers?

Answer
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6. The diagram below shows a squMBPQ inside a rectanglaBCD where
AB - BC =7cm. The sides of the rectangle parallel to thessafe¢he square. If
the total area oABNM andCDQP is 123 crfi and the total area #DQM and
BCPN is 312 cm, what is the area ofINPQ in cnf?

D C

Answer cnrt
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7. Two companies have the same number of employeesfirfhcompany hires
new employees so that its workforce is 11 timesiriiginal size. The second
company lays off 11 employees. After the changeniimber of employees in
the first company is a multiple of the number ofpboyees in the second
company. What is the maximum number of employeesmoh company before
the change?

Answer
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8. ABCD is a squareX, L, M andN are points o8C such thaBK =KL =LM =
MN =NC. E is the point orAD such thaAE = BK. In degrees, what is the
measure of

UAKE + UALE + UAME + JANE + JACE ?

A B
I |
L
M
N
D C

Answer
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9. The numbers 1 and 8 have been put into two sqohi@e8x3 table, as shown in
the diagram below. The remaining seven square®dre filled with the
numbers 2, 3, 4, 5, 6, 7 and 9, using each exanttg, such that the sum of the

numbers is the same in any of the four 2x2 subsadil@ded in the diagram
below. Find all possible solutions.

1 1 1 1

Answer
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10. At the beginning of each month, an adult red anegbirth to three baby black
ants. An adult black ant eats one baby black awsgirth to three baby red ants,
and then dies (Also, it is known that there areaglsvenough baby black ants to
be eaten.) During the month, baby ants become adtdi and the cycle
continues. If there are 9000000 red ants and 1@B&ek ants on Christmas
day, what was the difference between the numbezdants and the number of
black ants on Christmas day a year ago?

Answer







