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CAC BAI TOAN/PROBLEMS

1. Trdan Quang Hung, Truong THPT chuyén Khoa hoc
Tu nhién, Pai hoc Quéc Gia Ha Néi. Cho tam gidc ABC
nhon ndi tiép dudng tron (0) cb dinh véi B, C cb dinh va
A di chuyén trén (O), tam ndi tiép I, phan gidc AD. K, L
1an lugt 12 tam ngoai tiép tam gidc CAD, ABD. Pudng
thang qua O lan lugt song song DL, DK theo thi tu cit
dudng thang qua I 1an lugt vudng goc IB, IC tai M, N.
Chiing minh rang MN luén tiép xtic mot dudng tron cd
dinh khi A di chuyén trén (O).

Let ABC be an acute triangle inscribed in a circle (O)
that is fixed, and two of the vertices B, C are fixed while
vertex A varies on the circumference of the circle. Let
I be the center of the incircle, and AD the angle bisec-
tor. Let K, L be the circumcenters of CAD, ABD. A line
through O parallel to DL, DK intersects the line that is
through I perpendiculaar to /B, IC at M, N respectively.
Proe that MN is tangent to a fixed circle when A varies
on the circle (O).

2. Tran Quang Hing, Nguyén Lé Phudc, Thanh Xudn,
Ha Néi. Cho tif gidc ABCD noi tiép, hai dudng chéo AC
va BD cit nhau tai G. M 1a trung diém cta CD. E, F lan
lugt thudéc BC, AD sao cho ME || AC va MF || BD. Goi
H 1a hinh chiéu cta G 1én CD. Puong tron ngoai tiép
tam gidc MEF cit CD tai N khac M. Chiing minh ring
MN = MH.

A quadrilateral ABCD is inscribed in a circle and its
two diagonals AC, BD meet at G. Let M be the center of
CD, E, F be the points on BC, AD respectively such tht
ME || AC and MF || BD. Point H is the projection of
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G onto CD. The circumcircle of MEF meets CD at N
distinct from M. Prove that MN = MH.

3. D6 Thanh Son, Truong THPT chuyén Khoa hoc Tu
nhién, Dai hoc Quéc Gia Ha Néi. Cho tam gidc ABC va
diém P nam trong tam gidc ABC sao cho AP 1 BC.E,F
12 hinh chiéu ctia P 1én CA, AB. Gi4 st tiép tuyén tai E, F
clia dudng tron ngoai tiép tam gidgc AEF cat nhau trén
BC. Ching minh riang P la truc tim tam gidc ABC.

A point P is interior to the triangle ABC such that
AP 1 BC. Let E, F be the projections of CA, AB. Sup-
pose that the tangents at E, F' of the circumcircles of tri-
angle AEF meets at a point on BC. Prove that P is the
orthocenter of triangle ABC.

4. Nguyén Minh Ha, Truong THPT chuyén Su pham, Pai
hoc Sw pham Ha Noi. Cho tam gidc ABC va cic di€ém
E, F sao cho céc tam gidc ABE,ACF dong dang ngudc
hudng, theo thi tu can tai E, F, theo thi tu c6 tryc tdm la
H, K. Goi BE,CK lan ludt cit CF,CH tai M, N. Chiing
minh ring MN di qua tim dudng tron ngoai tiép tam gidc
ABC.

Points E, F are in the plane of triangle ABC so that
triangles ABE and ACF are the opposite directed, and the
two triangles are isosceles in that BE = AE, AF = CF.
Let H, K be the orthocenter of triangle ABE,ACF re-
spectively. Points M, N are the intersections of BE and
CF; CK and CH. Prove that M N passes through the cen-
ter of the circumcircle of triangle ABC.



Hay quan sat so mu!

Titu Andreeescu
Gabriel Dopinescu

Pham Huy Hoang dich tit muc Look at the exponent! trong cudn sach Problems from the book.
Trong bai viét ndy, ta sit dung nhiing ki hiéu sau

0.1

#A 12 s6 phan tif clia tap hop A.

a | b nghiala a 1a u6c cla b, a 1 b nghia 1a a khong 1a uée cla b.

ged(ay, as, ..., a,) 12 u6c sd chung 16n nhét cta céc s6 ay, az, ..., a, nguyén duong.
lem(ay, as, ..., a,) 12 bdi sd chung nhé nhét cla céc s6 ay, as, ..., a, nguyén duong.

Lx] 12 phan nguyén ctia s6 thuc x, 12 s nguyén 16n nhét khong vudt qua x.

Ly thuyét va vi du

Hau hét trong cé4c bai toan chiing minh chia hét, chiing ta thudng dua vé cac phép dong du va sit dung céc dinh ly
s6 hoc kinh dién nhu dinh ly Fermat, dinh ly Euler, hay dinh ly Wilson. Nhung khi d6i mit véi bai toan chiing minh

lem(a, b, ¢)? | lem(a, b). lem(b, ¢). lem(c, a) , Ya, b, ¢ € N*,

thi viéc st dung céc dinh 1y c6 dién sé& rat kho khin. Tuy nhién, c6 mot phuong phap tu nhién nhung ciing kha thong
minh d€ chitng minh c4c 16p bai toan chia hét: néu ta cAn chiing minh a | b, thi ta chi can chiing minh s6 mii ctia moi
s6 nguyén td trong phan tich tiéu chuin ctia a khdng vudt qua s6 mii clia cac s6 nguyén t6 dé trong phan tich tiéu
chudn ctia b. D€ tién cho viéc theo ddi, ta ki hiéu v,(a) 12 s6 mii cla s6 nguyén o p trong phan tich tiéu chuén cta a.
Tét nhién, néu p 1 a thi vp(a) = 0.

Mot s6 tinh chat quan trong nhung ciing kha dé ching minh ctia v, (a):

1.

2.

vp(a + b) > min{v,(a), v,(b)}.

vy(ab) = vy(a) +v,(b) v6i moi a, b nguyén duong. Tu tinh chét nay ta thiy ring néu a, b nguyén duong vaa | b
khi va chi khi v6i moi p nguyén t6 thi v,(a) < v,(b), va a = b khi va chi khi v,(a) = v,(b) v6i moi s6 nguyén
t6 p-

. vp(ged(ar, az, ...,a,)) = mini:m{vp(a,-)}.

. vp(em(ay, ay, ..., a,)) = maxi:ﬁ{vp(a,-)}.

k

N . . n n—sp(n) L, <« 0 ., ~ A o . WA P £
. (Cong thuc Jacobi) v,(n!) = Z — | = ————, trong d6 s,(n) la tdng céac chu s cua n khi viét dudi cd sO

p p-1
k=0
p. Nhan théy ring tinh chit ba va b6n 1a két qua truc tiép tir dinh nghia. Mot tinh chét khong hién nhién 1im 1a

s A v s A N N A 2 U 3 A LN A 2 n A . A n
tinh chat nam; tinh chat nay dudc suy ra ti két qua rang trong céc so tu 1 dén n, cd {—J s0 chia hét cho p, {—ZJ
p p

s6 chia hét cho p? va tuong tu cho cic trudng hgp con lai. Du bang thi hai ctia tinh chit nim ciing khong kho

dé chiing minh, ta viét n :a0+a1p+---+akpk, trong d6 a; € {0, 1,--- , p — 1} va g # 0. Khi d6 ta cé:
ni_ k-1 k-2
= =ay+ap+---+arp +a)+azp+---+agp + -+ ag.
14
k>0

St dung tinh chit tdng clia cAp s nhan ta c6 ngay diéu can ching minh.

Ta sé dén phan vi du 4p dung.

Vidu 1. Cho a,b la cdc $6 nguyén sao cho a | bE b3 | at,a | b0, b7 | b, ... Chiing minh r&ng a=b.



Chitng minh. Theo nhu y tuéng phan trén, ching ta sé ching minh ring vp(a) = vp(b) v6i moi p nguyén t6. Gia thiét
chotarang a | b2, b3 | a*, @ | b°,b7 | &b, ... hay ta c6 thé viét lai 1a a®"*! | b**2 va b**3 | ¢*** v6i moi n nguyén
duong.

Quan hé a*"*1 | b*1+2 ¢ thé viét lai dudi dang (4n + 1)v,(a) < (4n + 2)v,(b) véi moi n, ti d6 ta c6:

+2
P 1v,,(b) = v,(b).

vp(a) < lim
X—00

Chiing minh tuong ty, sit dung diéu kién 6**3 | a*™* ta c6 v,(b) < v,(a). TU d6 ta c6 v6i moi p nguyén td thi
vp(a) = v,(D). O

Vi du 2. Chitng minh rdang
Iecm(a, b, c)2 | Icm(a, b) - lem(b, ¢) - Ilem(c, a)

vdi moi bo ba s a, b, c nguyén duong.
Chiing minh. Goi p 1a mot s6 nguyén t6 bt ki. Chung ta ¢6 v,, (lcm(a, b, c)z) = 2 max{x,y,z} va
vp (Iem(a, b) - lem(b, ¢) - lem(c, a)) = max{x, y} + max{y, z} + max{z, x},

trong d6 x = v,(a),y = v,(b),z = v,(c). Diéu cin ching minh tuong duong véi max {x, y} + max {y, z} + max {z, x}
> 2max {x,y,z}, v6i moi x,y,z nguyén duong. Nhung bét ding thifc nay dé dang dudc suy ra nhd tinh dbi xing:
chiing ta hoan toan c6 thé gid st ring x > y > z va bit dang thifc trd thanh 2x + y > 2x. |

Chiing ta sé tiép can vdi bai toan khé hon. Nhiing bai toan tiép theo déu dua trén nhiing quan sit & phan dau cia
bai viét.
Vi du 3 (Paul Erdos). Chiing minh rdng ton tai hang sé ¢ sao cho vdi moi a, b, n nguyén duong théa mdn a!.b! | n!
thitacoa+b<n+clnn.

Chitng minh. Quan sét bai toan trén, ta chua thiy mot danh gid nao xdc déang d€ suy ra dugc c. Vay ching ta s& bat
dau tir gia thiét a!.b! | n!. Khi dé va(a!) + v2(b!) < v1(n!), ma theo cong thiic Jacobi, bit dang thic trén c6 dang
a—sy(a)+ b — s2(b) <n— sy(n) <n. Nhu vay ta da gﬁn dat dugc bat déng thiic mong mudn:

a+b<n+ sy(a)+ s2(b).

Chiing ta cAn quan sat thém ring, tdng cic chi sb ctia mot s6 A khi dudc viét dudi hé nhi phan sé khong vudt qua s6
céc chil s6 ctia A khi viét dudi hé nhi phan. That viy, goi & 13 s6 céc chil s6 ctia A khi viét dudi hé nhi phan, ta c6
2k=1 < A < 2K, tir d6 t6n cdc chit s6 ctia A trong hé nhi phan khong vugt qué 1 + [log, A|. Do d6 ta c6 danh gid méi
sau:

a+b<n+sya)+s2(b)<n+2+log,ab<n+2+logy,n

(vitacé a,b < n) va tit d6 ta c6 ngay diéu can chitng minh. O

Bai todn sau diy da ting xuAt hién trong tap chi Kvant va di tén rit nhiéu thoi gian dé c6 dudc 16i gidi don gian
ctia S. Konyagin. Trong bai viét, chiing t6i khong dé cap dén ching minh ctia anh ta ma biang mot chiing minh khac
don gian hon.

Vi du 4 (Kvant). C6 ton tai hay khong mot tdp hop vé han cdc sé nguyén duong ma véi cdch chon bdt ki mot sé
phan tit trong tdp thi tong cdc phdn tir do khong la mot binh phuong diing?

Chitng minh. Chung ta chon A = {2".3"*!|n > 1}. Nhu viy t&ng ctia mdt s6 cac phan ti thudc A sé c6 dang 2%.3*+1 .y,
v6i (y,6) = 1. Ta thiy ring day khong phai 1a binh phuong ding. That vay, gia st 2¥.3**!.y = k? thi do (y,6) = 1 va
(2,3) = 1 nén x, x + 1 déu chia hét cho 2, ma day la diéu vo ly. Do d6 tap A 1a mot su lua chon diing dan. O

Bai todn sau diy cho thiy vé dep ctia S6 hoc so cAp. N6 tdng hop nhiéu y tudng va ki thuat, va cho mot két qua
rit dep. Ban doc c6 thé thit stic véi cach nhin t& hop bang cach dém cac ma tran kha nghich vé6i cac phan tii thudc
trudng Z/27Z.

Vi du 5. Chitng minh rdng véi moi n nguyén duong, n! la udc cia

—_

N

0 (2" -2%).

~
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Chiing minh. Chiing ta s& xét mot s6 nguyén td p bat ki, va chi can p < n. Dau tién chiing ta s& xem xét véi p = 2.
Ta co
vwm)=n-sn)<n-1
va cling cé
n—

-2}

k=

1
\Q@"—ﬁ):0+1+m+n—12n—1
k=0

Bay git véi p nguyén t6 16n hon 2. Tir dinh Iy Fermat nhé tacé p | 277! =1 do dé p | 2¥P~D — 1 v6i moi k > 1. Tacé

-1 -1
@M@ﬂ:ff” (2¢-1),
k=0 k=1

n

S

tu do6 ta suy ra

n—1 n
v% (f-ﬁﬂ=2hﬂf—0
0

k= k=1
vp (24070 - 1)
1<k(p—1)<n
> #{kl <k(p—1)<n}.

v

Mait khac, ta c6

#{kllsk(p—l)ﬁn}={ . J,
P

W[;Ocn—ﬂﬂz{pfly

n—sp(n)sn—l .
p-1 p-1 p-1

nén dan dén

—

Nhung

bl

vy (n) =

ma do v,(n!) 1a s6 nguyén nén

vp(n!)SL)ilJ.

Tit cdc bat dang thiic trén, ta rit ra dudc

Bai toan dudc ching minh xong. O

Viéc gidi phuong trinh Diophante ciing st dung dugc nhiing quan sat vé s6 mi. Sau day 1a mot bai toan kho tai
mot ki thi cia Nga.

Vi du 6 (Tuymaada Olympiad). Chiing minh rang phuong trinh
1 1 1 1

= + e
10" ny!  np! ny!
khong co nghiém nguyén théamdan 1 > ny > ny > ... > ny.

Chitng minh. Ta co
10" ((ny + D...(ng = Dag + ... + (g + 1)o.(ng — D + 1) = ng!

cho ta thiy n; 12 uéc ctia 10”. Do d6 ta c6 thé viét n; = 2*.5. Dit

S = (l’ll + 1)...(nk - Dng + ...+ (nk_1 + 1)...(nk - l)nk + 1.
4



Dau tién, gia st ré”mg x,y déu 12 s6 duong. Khi d6 ged(S, 10) = 1, va din t6i vo(ni!) = vs(ni!). Theo cong thic Jacobi
taco || = | %] v6i moi j (vitaddco % | = | %]) vatir d suy ra m < 3. Biing phép thi don gian, thay n 1n lugt
céc gid tri khong vuot qua 3, ta thay phuong trinh vo nghiém.

Tiép theo, gid st y = 0. Khi d6 S 12 56 18 va vy(mi!) = n < vs(ng!). Ma trén thuc té ta ludn c6 vo(ni!) > vs(ni!) nén
va(ni!) = vs(ng!), valai trg lai truGng hgp trén: vo nghiém.

Khi d6 ta ¢6 x = 0. Mot quan sit quan trong trong bai todn ndy: néu n; > mi_y + 1, thi § 1a s6 18 va ta lai c6
va(ng!) < vs(ng!), tré lai truong hop trén. Khi dé ta cé ny = ng—; + 1. Chu y rﬁng ny 1a 10y thtra cta 5, ta suy ra

S =2(mod4) vava(mi!) =n+ 1 < vs(nmg!) + 1. T dé ta cod

ny ny
—|<|=|+1,
5)<[5]
va giai bat phuong trinh nay ta dugc n; < 6. Do ny 1a 1dy thita ciia S nén ny = 5,m;_; = 4 va n; < 4. Thi cdc trudng
hdp ta cé ngay phuong trinh v nghiém. O

Trong ki thi APMO niim 1997, c6 mot bai toan yéu ciu chiing minh ton tai sd tu nhién »# théa man 100 < n < 1997
ma théa man n | 2" + 2. Chiing ti xin mdi ban doc chiing minh rang gi tri 2.11.43 1a mot gia tri thda man, va sé
hudng dan cc ban lam thé nao dé tim dugc sd nay. Tuy nhién, biang chiing minh todn hoc thi tit ¢4 cdc nghiém ctia
bai todn trén déu 1a 18. Chiing minh diéu nay qua thuc 12 khé va 16 giai dau tién cla bai toan nay thudc vé Schinzel.

Vi du 7 (Schinzel). Chitng minh rdng véi moi n > 1 ta khong thé’ cé n | 2" + 1.

Chitng minh. Mic du 15i giai rit ngin, nhung trong d6 c6 rit nhiéu ki thuat va su khéo 1éo. Gia st ring n 1a mot
N L
nghiém théa man. Vict n = [] pf” véi p; < p2 < ... < p,lacac so nguyén t0. Y tudng G day la quan sat vo(p; — 1).
i=1

Chon p; d€ dai lugng nay dugc gidm dén muc t6i thiéu va viét p; = 1 + 2'im; v6i m; 18. Khi d6 n = 1(mod2'") va ta
c6thé vitn — 1 = 2 ¢. Ta c¢6 22"* = —1(mod p;), din téi

—1= 22’1‘,[,;111 = 2(p;—1)t = 1(m0dpl)

(d4u ddng du cudi cung thu dudc bing cich st dung dinh ly Fermat nho). Do d6 p; = 2, hién nhién dan t6i mau
thuan. |

Bai todn sau dy 1a mot bai todn kho, nhung nhitng y tudng dugc st dung cuc ki hitu hiéu trong nhiéu bai toan
khéc.

Vi du 8 (Gabriel Dopinescu - Mathlinks contest). Cho a,b la hai sé hitu ti duong phdn biét théa mdn véi moi n
nguyén duong thi a* — b" la s6 nguyén. Chitng minh rdng a va b la hai s6 nguyén.

Chitng minh. Pau tién, ta viét lai a, b dusi dang a = 2b= %, véi x,y,7 12 ba s6 nguyén duong, d6i mot nguyén to
cung nhau va x # y. Tu gid thiét ta c6 7" | x* — y* v6i moi sd nguyén duong n trong tip vo han M c N*. Gia st phan
chiing ring z > 1 va chon p la u6c nguyén td ciia z. Néu p £ x thi hién nhién p £ y.

Dé gidi bai todn, ta cAn hai bd dé sau (N.D: hai bé dé nay goi la "phép ndng liy thita” - "lifting the exponent”, rdt
hitu hiéu trong cdc bai todn. Sau dady toi sé trinh bay cdch chitng minh hai bé dé nay theo tai liéu ciia Amir Hossein

Parvardi dé bai viet ngan gon va co dong):

B& dé 1. Cho x, y la hai sé nguyén (khong nhdt thiét duong) va n nguyén duong, p la mot s6 nguyén té Ié sao cho
plx—yvaptx,pty Taco
V(X" £Y") = v, (x £ y) + vp(n).

Chiing minh bé' dé. Ta chi can chiing minh cho trudng hop déu trii, trudng hop cong 1a hé qua.
Ta st dung quy nap v6i v, (n). Pau tién, ta sé ching minh

ey vp(x? =yP) = vp(x—y) + 1

P& chiing minh diéu nay, ta sé chiing minh

() DB G s U S e
va
3) PP e P2y P2 P
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Véi (2), ta chii y ring
X P2y 4+ P2 P = paP! = O(modp).

Dit y = x + kp, v6i k 12 s6 nguyén. V6i mdi s6 nguyén 1 <t < ptacé
ytxp—l—l = (X + kp)txp—l—t
X1 (x’ + t.(kp)(x’_l))

xP~ 1+ thpxP~2(mod p?)

Diéu d6 cho thiy
Yl = X7t tkpxP ™ (modp?), Vi = 1,p — 1.

St dung diéu nay ta co:

p-1
L x”_zy + ..+ xy"’_2 +y"’_1 =x"1 4 Z (xp_l + tkpxp_z)
=1

= pxp—l + (p(pz_ D)kpxp—Z

= pxP~!(modp?)
Nhu viy (3) diing va do d6 (1) diing. Tré lai bd dé: Chiing ta mubn ching minh ring
Vp(xX" =) = vp(x = ) + vp(n).
Gia st rang n = p®.b véi ged(b, p) = 1. Khi d6:

vp (¥ =y") = v (2" = ")

=v, (x"” _ yp“)
-y ((xpa—])p _ (ypa—l )P)
=V, (x”ml - yp(H) +1=v, (x‘"ai2 - yp(H) +2
=vp(x=y)ta=vy(x—y)+v,n)
Bai toan dudc ching minh hoan toan. O

BG dé 2. VGi truong hop p = 2:

1. Cho x,y la hai sé 1é théa mdn 4 | x —y. Khi do ta cé
V2 (X" = ") = va(x — y) + va(n).
2. Cho x,y la hai sé 1é va n la sé chdn. Khi do
va(x" = y") = va(x —y) + va(n) - 1.

Goi ¥ - Ban doc chitng minh dua theo ¥ tudng bai trén. B& d& nay dudc ching minh dua trén hing dang thiic quen
thudc sau:

n n n—1 n—1 n—2 n-2
=y = (x2 +y? )(x2 +y? )...()c2 +y2)(x+y)(x—y).
Chiing ta trd lai bai toan: tir hai b3 dé trén ta c6, ton tai vo s6 s6 nguyén duong m ma
m < vy(A" = B") = v,(A = B) + v,(m) < vp(A - B) + |log,m|,

day 1a mot diéu vo 1y khi m tiy ¥ va p 13 uSc nguyén td khong vuot qua A — B. Khi d6tacé p | x va p | y, tréi vé6i
diéu gia st. Vay z = 1 va a, b 12 hai s6 nguyén. ]



Chiing ta dén véi bai todn khé sau, khi ma y tudng nhin vao sé mil cuc ki hitu hiéu. Bai todn nay xuit hién 1an
dau tién trén AMM (America Mathematical Monthly) nhung vao vai nim trd lai ddy, né da dudc dung lai trong khd
nhiéu céc cudc thi qubc té€ va khu vuc.

Vi du 9 (Armond E. Spencer - AMM E2637). Chiing minh rdng véi moi sé ay, ay, ..., a, nguyén thi

a;—aj
[l ==

1<i<j<n

la mot so nguyén.

ting minh. Xét sb nguyén t6 p va ta sé ching minh v6i moi k > 1, c6 nhiéu s6 chia hét cho rong da
Chiing minh. Xét sb nguyén t6 p va t hing minh vé k>1 h hia hét cho p* trong diy
(ai - aj)lskjg hon trong day (i — j); << j<,- BOi Vit

o | a-a)= 2 80| ] (@-a)

1<i<j<n k>1 1<i<j<n

VoI Ny (G Il i< j<n}la s6 cdc sb trong diy ma 12 boi clia p va

wl [] @-n|=2 8 [] -}

1<i<j<n k>1 1<i<j<n

bai toan chiing ta dugc gidi khi diu & trén dugc ching minh. C6 dinh k > 1 va gid st c6 diing b; chi s j € {1,2, ..., n}
théa man a; = i(modp*), v6i mdi i € {1,2, ..., p* — 1}. Khi dé:

p-1
N n (ai—aj) :ZOCZi.
1=

1<i<j<n
Ta sé xem diéu gi sé xay ra néu a; = i. Néu i = 0, khi d6 s6 cac s6 1 < j < n théa man j = 0(modp¥) 1a =3 Néu

i>0thimoisbl < j<nmaj=i(modp*) cé dang rpX +ivsi0 < r< [r). Khi d6 taco 1+ L"p——/J chi sb trong
truong hgp nay. Vi vay

k-1
4) N i n () :pZCZ . +C2”
=R

1<i<j<n

Trong (4), thay j = p* — 1 ta dugc

pi-1
_ 2
Ny l_[ i-pn|= C1 {L”J
1<i<j<n j=0 ok
Nhu vay ta can chiing minh
pr-1 pr-1
2 _ 2
KN
i=0 Jj=0 pk

Bay gi®, quan st ring chiing ta s& phai tim min ctia Y C)zci v6i Y, x; = n (diéu nay suy ra do
i=0 i=0

p-1
e
i=0

tric tiép t dinh nghia cta b;). VGi diéu nay, gid st ring xo < x; < xp < ... < x_; 12 bd p* s6 nhd nhit (theo

k_1
K n+j

pk

>

[«

~.

k
2 A X . N N P -1 7 ~, . A 74
nghia tong) (b0 sO nay ton tai vi phudng trinh 3} x; = n c6 httu han nghi€ém). Neu xx_; > xo + 1, ta xét bo
i=1
(xo +1,xq,..., Xpk_ps Xph_| — 1), c6 tdng cdc phﬁn td 1a n nhung
2 2 2 2 2 2 2 2
C0+1+Cxl+...+ka2+Cxpk_l_1<C +Cy +..+C +C

X X0 xpk72 xpkfl ’

Bit ding thiic nay diing do né tuong duong véi Xp_p > xo + 1. Nhung diéu nay mau thuin véi gia thiét bo
((xo,xl,xz, ...,xpk_l). Do dé Xph_1 < X0. O



Trén day 1a mot s6 bai todn tiéu bi€u ma ching t6i mubn gidi thiéu. Cac bai toan con lai ctia cudn sich vugt qua
khuon khd chuong trinh toan hoc phd thong, xin khong trinh bay tai day.
0.2 Bai tap ung dung
Chii y: Trong bai viét nay, toi chi chon ra nhitng bai toan 1a ing dung sau sic ctia cic két qua da néu & trén.
Baitoan 1. Cho0 < a; < ... < a,. Tim s6 m ldn nhdt sao cho ta co thé'tim dugc cdc s6 nguyén 0 < by < by < ... < b,
théa man
n m n n
S22 =S e =[ T
k=1 k=1 k=1 k=1

Baitoan 2.  [. Chiing minh ddng thiic:
n
i=

(n+ Dlem{(C;) )} = lem {G)}.

2. (Hé¢ qud, Romanian TST 1990) Chiing minh rdang bdi chung nhé nhdt ciia cdc s6 1,2, ...,n bang béi chung
nhé nhdt ciia cdc sé6 C, i = 1,n khi va chi khi n + 1 la s6 nguyén té.

Bai toan 3 (Iran TST 2008, vong 2). Chiing minh khi a la sé nguyén dwong ma 4(a" + 1) la sé ldp phwong diing véi

moi n nguyén duong thi a = 1

Bai toan 4 (IMO 2000). C6 tén tai hay khong mét sé nguyén duong n sao cho n cé diing 2000 udc nguyén té va
n|2"+1?

Bai toan 5 (China Western Olympiad 2010). Cho m, k la hai sé nguyén khong dm va p = 2% + 1 la s6 nguyén t6.
Chiing minh rdng

1. 22" pk = 1(modp*+h).

2. 22", P~ la sé nguyén dwong n nhé nhdt théa man phuong trinh dong du2" = 1 (mod pk“).
Bai toan 6 (China TST 2009). Cho a > b > 1 la hai s6 nguyén va b 1é, n la mét sé nguyén duong. Néu b | a" — 1,
chitng minh ring a® > %
Bai toan 7 (IMO Shortlist 2007). Tim tdt cd cdc toan dnh f : N* — N* sao cho vdi moi m,n nguyén duong va voi
moi p nguyén to, sé6 f(m + n) chia hét cho p khi va chi khi f(m) + f(n) chia hét cho p.

Bai to4an 8 (Romania TST 2009). Cho a,n > 2 la cdc sé nguyén co tinh chdt sau: Ton tai k nguyén duong khong bé
hon 2 sao cho n | (a — 1)X. Chitng minh rdngn | "' +a" % + ... +a + 1.



