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CAC BAI TOAN/PROBLEMS

1. Vi Thé Khoi, Phong Hinh hoc Topo, Vién Todn hoc Viét
Nam, Hoang Qudc Viét, Ha Noi. Chich choe v chim sé méi
con xuét phat tif mot dinh bat ky ctia hinh da gidc déu 103 canh
va bay vong quanh da gic theo chiéu kim ddng hd dén dau tai
cdc dinh khac. Chich choe mdi 1an bay vuct qua £ canh con
chim sé méi l1an vugt qua d canh véi £ # d 1a cic s6 nguyén
duong bé hon 103.

Gia st trong ca doan dudng bay chich choe da tiing déu tai
m dinh va chim sé da tiing déu tai n dinh v6i m > n > 3. Tim
m va n biét ring chi c6 duy nhit mot dinh chung ma ci chich
choe va chim sé da tiing dau va ciing chi c6 duy nhit mot dinh
chua titng c6 con nao dén dau.

A copsychus and a sparrow, each initially located at one
of the vertex of a regular polygon with 103 edges, fly clock-
wise to another vertex each. The copsychus moves across ¢
edges each time while the sparrow moves through d edges of
the polygon, where ¢ # d are both integers less than 103. As-
sume that, during their journeys, the copsychus has stopped at
m vertices while sparrow has stopped at n vertices of the poly-
gon, for m > n > 3. Determine the value of m, n given that there
is only one common single vertex of the polygon that both of
birds have stopped at, and there is only one vertex that neither
of the birds have reached.

2. Luu Bd Thing, Khoa Todn, truong Pai hoc Su pham Ha Noi,
Xudin Thity, Cau Gidy. Cho sb nguyén ducng n va sb nguyén td
p > n+ 1. Chiing minh ring phuong trinh sau khong c6 nghiém
nguyén.

x? xP

+ +o+ =
2n+1 pn+1

1+
n+1

Let n be a positive integer and p a prime number p > n + 1.
Prove that the following equation does not have integer solu-

tion.
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3. Michel BATAILLE, 12, rue Sainte-Catherine, 76000
ROUEN (FRANCE). Pudng tron noi tiép y clia tam giac ABC
tiép xtic v6i canh BA, BC tai D, E tuong dng. Mot tiép tuyén
t V6i y, khdc v6i cic canh, cit dudng thang AB tai M. Néu
CM, DE cit nhau tai K, ching minh ring cic dudng thang
AK, BC va t song song hoiic dong quy.

Let the incircle y of triangle ABC be tangent to BA, BC at
D, E, respectively. A tangent 7 to vy, distinct from the sidelines,
intersects the line AB at M. If lines CM, DE meet at K, prove
that lines AK, BC and ¢ are parallel or concurrent.

4. Nguyén Minh Ha, truong Dai hoc Su pham Ha Noi, Xudn
Thity, Cdu gidy, Ha Néi. Cho tam gidc nhon ABC. Goi E, F
theo thi tu 1a di€ém dbi xing cta B, C qua AC,AB; goi D 1a
giao diém ctia BF, CE. Biét rang K 1a tim duong tron ngoai
tiép tam gidac DEF. Chling minh ring AK vudng géc véi BC.

Let ABC be an acute triangle with E, F being the reflec-
tions of B, C about the line AC, AB respectively. Point D is the
intersection of BF and CE. If K is the circumcircle of triangle
DEF, prove that AK is perpendicular to BC.

5. Trdn Quang Hung, truong Pai hoc Khoa hoc T nhién,
Thanh Xudn, Ha N¢i. Cho tam giac ABC véi dudng tron ndi
tiép (1) va P, Q 1a hai diém bat ky. QA, OB, QC cit BC,CA,AB
lan luot tai D, E, F. Tiép tuyén tai D, khac BC, ctia dudng tron
(I) cit PA tai X. Céc diém Y va Z dugc xac dinh theo cach tuong
tu. Tiép tuyén tai X, khdac XD, ctia dudng tron (/) cit BC tai U.
Cic diém V va W dugc xéc dinh tuong ty. Chiing minh rang ba
dudng thing AU, BV, CW ddng quy.

Triangle ABC has incircle (/) and P, Q are the two points
in the plane of the triangle. Let QA, OB, QC meet BC,CA,AB
respectively at D, E, F. The tangent at D, other than BC, of the
circle () meets PA at X. The points Y and Z are defined in the
same manner. The tangent at X, other than XD, of the circle (/)
meets BC at U. The two points V and W are defined in the same
way. Prove that three lines AU, BV, CW are concurrent.



6. Nguyén Vin Linh, sinh vién truong Pai hoc Ngoai thuwong
Ha N¢i. Cho tu giac ludng tam ABCD c¢6 tam dudng tron ngoai
tiép 12 0. Goi E, F lan lugt 1a giao di€ém ctia AB va CD, AD va
BC. Chiing minh ring ton tai mot dudng tron tim O tiép xtic vi
bdn dudng tron ngoai tiép cac tam gidc EAD, EBC, FAB, FCD.

A quadrilateral is called bicentric if it has both an incircle
and a circumcircle. ABCD is a bicentric quadrilateral with (O)
being its circumcircle. Let E, F be the intersections of AB and
CD; AD and BC respectively. Prove that there is a circle with
center O tangent to all of the circumcircles of the four triangles
EAD,EBC,FAB,FCD.

7. Titu Andreescu, Khoa Todn, truong Pai hoc Texas, Hoa K.
Tim tit c céc sb nguyén t p, g, r sao cho

p2q+q2p B
a3
pP—prgtq

[]Zq +qZp

Find all primes p, g, r such that p———

=r

8. Trdn Minh Ngoc, sinh vién truong Pai hoc Sw pham Tp Ho
Chi Minh. Cho hai dudng tron (U) va (V) cat nhau tai A, B.
Mot dudng thing d cit (U), (V) lan luct tai P,Q va R, S. Goi
tp,to, Ir, ts 1an lugt 12 tiép tuyén tai P,Q,R,S cua cic dudng
tron tuong tng. Goi (W) 1a mot dudng tron bat ky di qua A, B.
Chiing minh riang néu dudng tron ngoai tiép tam gidc tao bdi
tp, g, AB tiép xiic (W) thi dudng tron ngoai tiép tam gidc tao
bdi 19, ts, AB cling ti€p xtic (W).

Two circles (U) and (V) intersect at A, B. A line d meets
(U),(V)at P,Qand R, S respectively. Let tp, ¢, tg, ts be the tan-
gents at P, O, R, S of the two circles. Another circle (W) passes
through through A, B. Prove that if the circumcircle of trian-
gle that is formed by the intersections of ¢p, g, AB is tangent
to (W) then the circumcircle of triangle formed by 7, ts, AB is
also tangent to (W).

LOI GIAI/SOLUTIONS

1. Vi Ha Vin, khoa Todn, Pai hoc Yale, Hoa Ky. Ving no c¢6 khu dat vang 100 x 100 m, chia ra lam 100 16, m&i 16 10 x 10 m.
Vua bii rac mudn 14n chiém khu dAt niy nén sai tay chin d rac vao mot s6 6. Néu mot 6 ndo chua c rac ma c6 it nhit hai 6 canh
n6 (c6 chung canh) da bi d6 réc thi (ddng tiéc) hom sau nhan dan cling sé d6 rac vao 6 d6. Néu dén mot ngay nao d6 tit ca cac 6
déu bi d6 rac thi vua bdi rac sé chiém khu dat. Néu vua bai rdc mudn chiém khu dit nay thi lic dau can d6 rac vao it nhit miy 6?

Loi giai. (ctia ban Nguyén Tu&n Hai Ding, 16p 12A1 chuyén Toan, trudng THPT Chuyén KHTN). Ta dua bai toan vé mo hinh
bang & vudng kich thudc 10 x 10 va mbi 6 bi dd rdc thi sé dugc to den. Mbi bude bién déi tuong ting vdi viée ta to den mot 6
chua dudc t6 va chung canh véi it nhit hai 6 dugc td den. Do d6, ta chi can tim sd 6 den dudc t6 ban dau sao cho sau mdt s6 hitu
han budc bién ddi, ta c6 thé to den ca bang. Goi p la chu vi clia tit c cac phan dugc to den. Ta ching minh ring sau mdi budc
bién ddi thi p khong ting. That vy, do & mdi budc bién ddi ta to den mot 6 khi né phai chung canh véi it nhit hai 6 den. Ta c6
cac truong hgp sau

o el =yl il e lle" ple.

chu vi khong ddi chu vi khong déi chu vi gidm hai don vi chu vi giam bén don vi
Khi c4 bang dudc t6 den thi p’ = 10 x4 = 40. Do d6, d€ t6 den ca bang ban diu p > p’ = 40. Ma mdi 6 c¢6 chu vi 1a 4. Suy ra
ban dau can t6 it nhit £ = 10 6. Ta t6 mudi 0 trén cing mot dudng chéo chinh thi sau hitu han bude bién ddi thi ca bang s& dugc
t6 den. Ban du vua cho d6 ric vao mudi 6 trén mot dudng chéo chinh s 1. Ngiy hom sau cdc 6 trén hai dudng chéo chinh s6 2
s& bi d6 rac (do mdi 6 déu k& hai 6 & dudng chéo s6 1). Tiép tuc nhu vay thi dén ngay thif 10 ca khu dit s& bi d6 rac. Pap s6: 10 6.
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2. Nguyén Minh Ha, truong THPT chuyén Pai hoc Su pham Ha Néi, Xudn Thity, Cdu Gidy. Cho tam gidc ABC c6 dudng tron
ngoai tiép 1a (K). Mot dudng tron tiép xiic véi AB, AC va tiép xic trong véi (K) tai K,. Cac diém K, K, dudc dinh nghia tuong
ty. Chiing minh rang dién tich ctia tam gidc K, K, K, khong 16n hon dién tich tam giac ABC.

Lui gidi. (cta ban Nguyén Tudn Hai Ding, 16p 12A1 Toén, trudng THPT chuyén Khoa hoc Tu nhién, Ha Noi) D€ ching minh
bai todn nay, ta phat biéu va chitng minh bd dé sau.

B4 dé 1. Cho tam gidc ABC, véi I 1a tam duong tron ndi tiép, va O 1a tam dudng tron ngoai tiép. Goi M, N, P 1an lugt 1a diém
chinh giita cdc cung BC khong chia A, cung CA khong chiia B, va cung AB khong chiia C. Gia st X, ¥, Z 1an luot 1a diém dbi
xung cia M, N, P qua O. Cac diém K,, K,,, K, ducc nghia nhu bai toan géc. Tacéd X,I,K, thﬁng hang, Y, I, K, thﬁng hang, va
Z, 1, K, thing hang.

Chiing minh. Goi O, 1a dudng tron tiép xic véi (0) tai K, va tiép xiic v6i AB, AC tai U, V. Do d6, K, 12 tAm vi ty ngoai ctia (O,)
va (0). Goi K,U giao v6i (O) tai K, va P’; K, va V giao véi (O) tai K, va N’. Suy ra O,U || OP’, va O,V || ON’. Suy ra OP’
vuodng goc vii AB; ON’ vudng goc véi AC. Tic 1a P trung P’ con N’ tring N. Ap dung dinh 1y Pascal cho sau diém P, A, N va
B,K,,C suy ra U, 1,V thing hang. Suy ra tam giac INV ddng dang vé6i tam gidc K,PB. Dan dén, .UK,B = /NIV = (UIB. Suy
ra tif gidc UBK,I noi tiép. Do d6, /PK,I = /ABI = /ABN = /PK,X. Suy ra, ba diém X, I, K, thang hang. Hai phan sau tuong
tu. B dé dudc ching minh. ]

Trd lai bai todn, ta cdn chiing minh ring dién tich tam gidc K,K,K. khong 16n hon dién tich tam gidc ABC. Diéu nay tuong
duong vé6i
K.K; - K, K. - KpK, < abc

4R T 4R
Vi tam gidc [K, K. ddng dang véi tam gidc IZX (vi ¢6 ba cip goc bing nhau), suy ra K, K. = ¥4 Tuong ty ta c6 IK, = 411
tu tinh dong dang cuia tam giac /K, M va IAX. Do do,
XZ-IA-IM  MP-2Rr
KK, = = .
IX-1Z IX-1Z
Tuong tu, ta cling cé KK, = %, KK = 2’,‘;’(’_\]1‘5’. Do d6, bét dang thiic cin chitng minh tudng dudng véi
2Rr*MN - NP - MP
abc > (2Rr)

(X -1Y - 1Z)?

Luu y ring NP = 2R sin ¢ = 2Rcos § = 2R %, va hai déng thiic tuong ti cho MN, MP. Ap dung cong thic S = 4¢ = pr,

_ 4p—a)(p-b)(p—c) 2UX>+2IM>—XM?
- abc 4

suy ra % . Cong thiic trung tuyén cho ta 10 = , suy ra

x>

2
210% + % —IM?

A
2(R?> = 2Rr) + 2R* — 4R? sin® 5

A
4R (R cos? 7 r)

AR (P(P -a) 4p-a)(p-bp- C))
bc abc

Bién ddi dai s cho ta IX? = W.ﬁwng tu ta thu dugc hai déng thic cho 7Y?, va IZ2. Dan dén, biy git ta can
chiing minh
64R’pS X 4 (p — a’(p = by (p — ©) < (abe) tatye,

trong d6 ¢, = a(b +¢) + 2(b — ¢)*> —a*, t, = b(a + ¢) + 2(a — ¢)* — b*, vat. = c(a + b) + 2(a — b)> — ¢?. Lai ¢6 abc = 4RS va
S2 = p(p — a)(p — b)(p — ¢) nén bét ding thic trén lai tuong ducng véi

(a+c—b)*a+b—c)Pb+c—a) < tuayl,.
Chi y rang 1, > a(b + ¢ — a), tp, > b(c + a — b), t. > c(a + b — ¢) nén
tatpt. > abc(a + b —c)(b +c —a)(c +a—Db).

St dung bit dang thiic quen thudc, abc > (a + b — c)(a — b + ¢)(—a + b + ¢) ta c6 diéu phai ching minh. Pang thiic dat dugc khi
tam gidc ABC déu. O



3. Trdn Quang Himg, truong TPHT Chuyén Khoa hoc T nhién, PHQGHN. Cho tam gidc ABC. Goi D 1a diém dbi xing ctia A
qua BC. (K) la dudng tron duong kinh AD. DB, DC lan lugt cat (K) tai M, N khac D. E, F 1an lugt 1a trung diém CA, AB. Pudng
tron ngoai tiép tam giac KEM, KFN cat nhau tai L khac K. KL cit EF tai X. Cac diém Y, Z dudc xac dinh tuong tu. Chiing minh
rang AX, BY, CZ ddng quy.

Ching t6i xin gidi thiéu 16i giai cua tac gia bai toan.

Loi giai. Goi P,Q d6i xiing K lan lugt qua AM,AN. Dé
thdy /\FAK = (FKA = (APK do d6 KF.KP = KAZ.
Tuong tv KE.KQ = KA’ Goi KE cit (K) tai U,V, dé
thly KU?> = KV?> = KE.KQ do d6 (UV,QE) = -1 suy
ra PQ/»(K) = QU.QV = QE.QK = Pojkur). Ti d6 OM la
truc dang phuong cla (K) va (KME). Tuong tu PN la truc
dang phuong ctia (K) va (KNF). Ma KL 1a truc dang phuong
ctia (KME) va (KNF) nén KL, PN, QM dong quy. Goi R d6i
xting A qua PQ. Tu tinh chit hinh binh hanh don gian dé thiy
KR, PN, QM d6ng quy tai trung diém mdi duong do d6 KL
di qua R. Miit khic dé thiy A 1 tAm ngoai tiép tam gidc KPQ
nén KR di qua tAm dudng tron Euler cta tam giac KPQ. Lai
c6 KE.KQ = KA? = KF.KP suy ra ti gidc EFPQ ndi tiép,
nén KL di qua diém ding gidc ctia tim dudng tron Euler 1a
diém Kosnita ctia tam gidc KEF. Theo tinh d6i xiing suy ra
AX ciing di qua diém Kosnita clia tam gidc AEF hay ciing di
qua diém Kosnita ctia tam gidgc ABC. Tuong tu BY, CZ ciing
di qua diém Kosnita ctia tam gidc ABC. O

Nhin xét. Ban Nguyén Tuén Hai Pang, 16p 12A1 Toan, truong THPT chuyén Khoa hoc Tu nhién c6 16i giai st dung phép
nghich ddo cling tuong tu dap an.

4. Nguyén Vin Linh, sinh vién truong Dai hoc Ngoai Thuong, Ha Noi. Cho tam gidc ABC ndi tiép dudng tron (0). L 1a diém
bét ki trén cung BC khong chiia A. Ching minh rang dudng tron A-mixtilinear ndi tiép clia tam gidgc ABC, cic dudng tron
L-mixtilinear ndi tiép ctia cac tam gidc LAB, LAC c6 chung mot tiép tuyén.

Cdch 1 (Luis Gonzdlez). Trudc tién ta phat biéu mot bd dé.
Bé dé 1. Cho tit gidc ABCD ndi tiép dudng tron (0). AC giao
BD tai E. Goi (I) 1a dudng tron tiép xuc véi tia EA, ED va
tiép xiic trong véi (O) tai L. M 1a diém bét ki trén cung AD
khong chia B, C. Goi Iy, I, 1a tam duong tron noi tiép cda
cac tam giac MAC, MBD. Ching minh rﬁng I, I, M, L cung
thudc mét duong tron.

Chitng minh. Goi K, H 1an luct 1a tiép diém cta (I) véi
AC,BD. KL,HL giao (0) lan tht hai tai PN thi P,N la
di€m chinh gitta cic cung AC, BD. Do dé M, I;, Pva M, I,,N.
Bing phép cong géc don gidn suy ra PN vudng géc vdi
phan gidc ZAED hay PN || KH.. Tu d6 2K = M hay
PRIL — NHAL Quy ra 24 = MDD pay £ = NB oy thy
dudc ALPI; ~ ALNI, (theo trudng hop canh goc canh), do
d6 (LIP = /LL,N, tic 1a bén diém L, I;,1,, M cing thudc
mot dudng tron. O




Trd lai bai todn.

Goi (J), (J1), (J2) 1an ludt 1a cic dudng tron A-mixtilinear noi
tiép ctia tam gidc ABC, cc dudng tron L-mixtilinear ni tiép
clia c4c tam giac LAB, LAC; [ 1a tiép tuyén chung cta (J;) va
(J»), cat (0) tai E va F. Goi I, I, I, 1an ludt 1a tAm dudng tron
ndi tiép clia cic tam gidc LEF, LAB, LAC. Goi M, N la tiép
diém cta (J;), (J,) v6i I, R 1a tiép diém ctia (J;) v6i AL.
Theo dinh ly Sawayama-Thebault, / nam trén J;J, va MR,
LR L JiL. Dé thiy /MIN = 90°. Goi Q la giao diém thi
hai ctia dudng tron dudng kinh MN véi J,J,. Do J; M 1a tiép
U.IYéI’l cla (MN) nén J111.J1L = J1R2 = J1M2 = JlQ.Jll.
Suy ra I; nim trén (QIL).Tuong tu, I cling nim trén (QIL).
Tic 14 1,1, I, L cing thudc mot dudng tron. Goi K 1a tiép
diém ctia (J) véi (0). Ap dung bd dé trén cho ti gidgc AABC
suy ra I, I, L, K cung thudc mot dudng tron.

Do d6 lai 4p dung bé dé trén cho ti gidc AFCE ta c6 (LIL)
di qua tiép di€ém K cta dudng tron tiép xic véi EF,AC va
(0). Ma qua diém K chi ¢ duy nhit mot dudng tron tiép xtic
véi AC va tiép xiic trong véi (0), suy ra (J) tiép xdc véi EF.
Ta c6 diéu phéi chiing minh.

Cdch 2 (cia ban Ngo Quang Duong, 16p 11A2 Toan, trudng THPT chuyén Khoa hoc Ty nhién)

Tém tat 16i gidi. Goi (J),(J),(J2) 1an lugt 12 dudng tron A— mixtilinear clia tam gidc ABC, P— mixtilinear clia cdc tam gidc
PAB, PAC. Pudng tron (J;) tiép xidc véi PA, PB tai C’, E; (J») tiép xtic PA, PC tai B', F; (J) tiép xtic AB, AC tai H, K. Goi t|, 1>, t
lan luot 1a do dai tiép tuyén chung ngoai cia (J;) va (J), (J2) va (J), (J1) va (J»).

Ap dung dinh ly Casey cho bbn dudng tron
(A,0),(J1),(B,0),(J)tacd t;.AB = AH.BE + BHAC’ =
AH.BE + BH.(PA — PC’) = AH.BE + BH.(PA — PE)
Tuong tu ta c6 1.AC = AK.CF + CK.(PA — PF) =
AH.CF + CK.(PA — PF). Lai 4p dung dinh ly Casey cho
(A,0),(J1),(P,0),(Jy) tacd t.AP = PEAB' + PFAC’ =
PE.(PA — PF) + PF.(PA — PE)

Tiép theo, ta chiing minh cong thiic sau AH = %.
Goi (I, r) 1a dudng tron noi tiép tam gidac ABC. Theo bd
dé Sawayama suy ra I 1a trung diém HK, & day ta dung
cong thiic tinh ban kinh r, ciia dudng tron A—mixtilinear

la Vg = WrA/Z)Tﬁ do
AH? = Al-AJ d fa

T SinA/2 sinA/2

2 E D
B sin? A/2 - cos2A/2

AP 16RY? 4dPbPC AT
T osin2A a2 da+b+¢)?  (a+b+0)?
Nhu vay AH = f%. Tuong tu ta ciing c6 PE =
2PA.PB PF = 2PC.PA
PA+PB+AB ° = PC+PA+CA"

Ta sé chiing minh 1, + #, = ¢ bang bién ddi tuong duong, sit dung ba dang thiic vira thu dudc va dinh ly Ptolemy. Mt khac,
t = DE + DF — 22LDE Nhu vay 1 + 1, = 1 tuong duong voi o2 + 22EDE = 2(DE + DF).

Do (J1), (J>) khong cit nhau nén phuong tich ctia 7 dén ba dudng tron 1a khong dm va bing p? dong thai vé dudgc tiép tuyén
tlt 7 dén ba dudng tron mixtilinear. Tacé p - t; + p - t, = p - t nén theo phin dao clia dinh ly Casey, ton tai dudng tron (C) di qua
T va tiép xic véi (J), (J1), (J). Xét phép nghich dio I’;z: ) = (), (J1) = (J1), (J2) = (J2), (C) bién thanh dudng thang tiép
xtic v6i (J), (J1), (J2). Vay ba dudng tron c6 mot tiép tuyén chung m]

Nhén xét. Ban Nguyén Tuén Hai Ping, 16p 12A1 Toan THPT chuyén Khoa hoc Tu nhién, va ban Trinh Huy Vi, 16p 11A1
Todn THPT chuyén Khoa hoc Tu nhién c6 cach giai gidng cch thi nhit ctia ddp an.



5. Trdn Minh Ngoc, sinh vién truong Pai hoc Su pham Thanh phé Ho chi Minh Cho ti gidc ABCD noi tiép dudng tron (0). Mot
dudng tron (1) tiép xtic AC, BD tai M, N. Gia st MN lan luot cit AB,CD tai P, Q. Goi H 1a giao diém ctia AC va BD; K, L lan
lugt 1a giao diém khéc I ctia (IMN) v6i (HAB) ,(HCD). Ching minh PK, QL, OI dong quy.

Chiing t6i xin giéi thiéu 16i gii ctia ban Nguyén Tuén Hai Ping, 16p 12A1 Toan, THPT chuyén KHTN, Ha Noi

B& dé 1. Cho hai dudng tron (0;), (0,) cat nhau tai H, H'. I 1a mot diém bét ki thudc tia phan gidc 20, HO,. Pudng thang
qua H vuong géc HI cat (0,), (0,) tai E, F khac H. HX, HY lan lugt la dudng kinh ctia (0), (0,). Goi K 1a giao diém IX véi
(01) ; L 1a giao diém IY vé6i (0,) va O la trung diém ctia XY. Khi d6 EF, KL, OI ddng quy.

S

Chitng minh. Khong mét tinh téng quat, gia st 7 1a mot diém bét ki thudc tia phan gidc trong /01 HO,. Goi T, R 1an lugt 1a
giao diém cta EF véi IL,IK va S 1a giao diém cta EK,FL. Tud t<HKX = 90° = /HLY suy ra H,L,I, K thudc dudng tron
dudng kinh HI. Mit khac HILEF nén EF la tiép tuyén cla dudng tron dudng kinh HI. Suy ra /ZEHK = ¢HLK. Hon niia
(EKH = tEXH =90° - tEHX =90° — tFHY = tFYH = /FLH nén (KEF + /KLF = 180°. Suy ra EFLK ndi tiép . Do dé
PS/(KER) = SESK = SF.SL = PS/(LFT)(I)- .

Tu ZILK = /IHK = 90° — LEHK = 90° — /EXR = /KRT suy ra KLTR ndi tiép . Do d6 Prykery = ILIT = IK.IR =
Prywrr)(2)

D¢ thay HO 0O, la hinh binh hanh. Suy ra OO, || HX. Mit khac tt /£ XHE = /YHF = (O,FH suy ra O,F || HX ,nén
0, 0,, F thang hang. Tuong tu, ta c6 O, Oy, E thing hang. Tit /KRE = 90° — /EHK = /0,EK = /OEK suy ra OF la tiép tuyén
ctia (KER). Tuong t ta c6 OF 1a tiép tuyén cta (LFT). Mit khic tt ZOEF = (O,HE = (OEF suy ra AOEF cin tai O nén
OE = OF.Do d6 Poyker) = OF? = OF? = Poyrm(3) .

Tir ddy suy ra S, 7, O cing nam trén truc dang phuong ctia (KER), (LFT). Ta c6 diéu phai chiing minh. O



Tré lai bai toan

Loi giai. Khong mét tinh t6ng quat, gia st (/) tiép xdc trong ZBHC. Goi HX, HY 1an lugt 1a dudng kinh ctia (HAB), (HCD).
Goi 0y, 0, 1an lugt 1a taim cta (HAB), (HCD) va E, F 1an ludt 1a giao diém khac H clia duong thiang qua H vudng géc HI véi
(HAB),(HCD).

Tit £ZHKI = /HKX = 90° suy ra I, K, X thing hang. Tucng tu va
I,L,Y thing hang. Tit /BHX = 90° — /BXH = 90° — /BAH = 90° —
(DAH = 90° — /DYH = /DHY va /BHI = /CHI suy ra HI la tia
phén giac trong XHY.

Dé thdy OHLCD vai 00,LCD. Suy ra O H//00,. Tuong tu
0,H//00,. Do d6 HO;00; 1a hinh binh hanh. Tt d6 suy ra O la
trung diém cda XY.

Tit ZKMN = (KHN = /KBP suy ra BPMK ndi tiép. Do d6 /BKP =
(BMP = tHMN = % = ‘A%g. Suy ra KP la tia phan giac trong
cia LAKB.

Miit khic thHE 12 tia phan gidc trong clia ZAHB suy ra E 13 diém
chinh giita cung AB nén K, P, E thang hang. Tuong tu F, Q, L thing
hang. By gio dp dung bd dé ta sé dudc PK, QL, OI dong quy. D6 la
diéu phai chiing minh.

Sau déy chiing t6i xin gidi thiéu 16i giai cla tac gia bai toan

Ta chiing minh bai toan qua cac budc sau
Buéc 1. Chitng minh ton tai mot dudng tron (O;) tiép xiic AB tai P, tiép xiic CD tai Q va (0),(I),(0;) c¢6 chung truc dang
phuong.

Goi (0;) 1a dudng tron qua Q va tiép xic AB tai P. Tt ABPN ~ ACQN nén /BPN = /CQN suy ra CD tiép xiic (Oy) tai Q.

i gz Paop AP sinZAMP\2 _ (sinzBNP\2 _ BP2 _ Psiop
Ta c6 bien doi Pow . AME = (sin zAPM) = (sin zBPN)

- B[V2 PB/(I) :

Pajoy) Pr0;) Pcyoy) Ppjoy)

Pawop _ Porop  Parop _ PD“"“, Suy ra = = = . Suy ra (0), (I),(O;) c6 chung truc dezmg

Tuon
uo gtu Paja Pciy > Pain Ppyay Py Py Perm Py

phuong.




Budc 2. Chitng minh ton tai mot dudng tron (0,) tiép xiic dudng tron
(HAB) tai K , tiép xic dudng tron (HCD) tai L va (0), (I),(0,) c¢6
chung truc diang phuong.

Qua phép nghich dao f c¢6 tim H , phudng tich
k + 0 ,ABCD,MN,KL lan lugt bién thanh
A B,C',D',M',N',K’,L’. Khi d6, AC,BD qua f bién thanh
chinh né nén A’, B’ € AB;C’,D’ € CD; (I) bién thanh (I’) tiép xiic
v6i AC, BD tai M’,N'; (HAB),(HCD),(HMN) lan lugt bién thanh
A'B,C'D',M’'N’; K’, L’ 1an lugt 1a giao diém M’'N’ v6i A’B’,C'D’
Theo ching minh & budc 1 thi ton tai mot duding tron (0,) tiép xic
A’B’ tai K’ , tiép xuc C'D’ tai L’ va (0), (I), (0’2) ¢6 chung truc dzzing
phuong. Do phép nghich dao 12 mot phép bién hinh déi hop (f~! = f)
bdo tdn géc va chiim dudng tron nén c6 mot dudng tron (0y) = f (0/2)
tiép xtic dudng tron (HAB) tai K ,tiép xic dudng tron (HCD) tai L va
(0), (1), (07) c6 chung truc dﬁng phuong.

Budc 3. Ching minh PK, QL, OI dong quy.

Goi d 1a truc dang phuong cia (0), (I), (01),(0,) va S 1a giao diém cta PK, QL. MN la truc dang phuong ctia (I), (HMN)
,KL 1a truc déng phuong va d la truc déng phuong ctia dudng tron (1), (0») nén MN, KL,d dong quy tai X. Do (0,) tiép xic
(HAB) tai K va tiép xti (HCD) tai L nén tiép tuyén tai K, L ctia dudng tron (0,) 1an ludt 12 truc dang phuong cia (0,), (HAB)
va (0,), (HCD). Tt do, tuong tu trén ta dugc tiép tuyén tai K ctua (0»),d,AB déng quy tai Y va tiép tuyén tai L cua(0,) ,d,CD
dong quy tai Z. Do YP, YK 1an luct 1a tiép tuyén ctia (O)), (02) va O, P, 0,K 1a tiép tuyén ctia (Y, Y P) nén dudng tron (Y, Y P) truc
giao vé6i (0)), (0,). Tuong ty, ta dudc dudng tron (Z, ZQ) truc giao v6i (01), (0y). Vay (Y, YP)(Z, ZQ) ludn cét nhau tai hai diém
nim trén 0,0, = Ol suy ra OI chinh la truc dﬁng phuong cia (X, XP), (Y, YQ). Midt khac, XP- XQ = Px/u,) = Pxjov,) = XK - XL
nén PQKL n@i tiép suy ra Ps/(xyp) =SK-SP=SL- SQ = PS/(Z,ZP)' Vfly S € Ol.
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